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I. String theory context of MGF's




I. 1 Four closed strings on a torus

Four-point closed-string amplitude at one loop ( gra\fltons in type [IA/B)

MEP 1 5 3 ) = |s19503AV5](1,2,3,4)] /

11A/B J(sij,7)

ImT

- (28 i
-

modular lnvarlant [BI‘lnk, Green, Schwarz 1982]

“1-loop correction” in the topological expansion of closed-string amplitudes
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I. 1 Four closed strings on a torus

Four-point closed-string amplitude at one loop ( gra\fltons in type [IA/B)

MEP 1 5 3 ) = |s19503AV5](1,2,3,4)] / J (845, 7)

[1A/B (T 7)2

- (28 i
e

modular lnvarlant [BI‘lnk, Green, Schwarz 1982]

e fund. domain F of modular group SLy(Z) and torus T2 = Z—E’Z



I. 1 Four closed strings on a torus

Four-point closed-string amplitude at one loop ( gra\fltons in type [IA/B)

MEP 1 5 3 ) \slgsggm vi(1,2,3,4)] /

[1A/B J(sij,7)

ImT

dQZJ o )
S H X Z Siq Zi—Rq, T )
ij> T rolm 7 b N iR
\ / Z<J
modular lnvarlant [BI‘in, Green, Schwarz 1982]

o fund. domain F of modular group SLy(Z) and torus T? = ZETZ

e torus Green function G(z,7) in 2x Fourier expansion w.r.t. 2 = ur+v

, (p, z) = nu — mu
pelN
lattice A = (Z+77Z)\ {0} for torus momentum p = m7+n Qm,n € Z



I. 1 Four closed strings on a torus

Four-point closed-string amplitude at one loop ( gra\fltons in type [IA/B)

SZ]‘,T)

1-1 o
MHAO%(LZ’B 1) \51282314 L, 2,3,4) \ /

ImT

Q/> ()
am

modular lnvarlant [Brmk, Green, Schwarz 1982]

o fund. domain F of modular group SLy(Z) and torus T? = ZETZ

e torus Green function G(z,7) in 2x Fourier expansion w.r.t. 2 = ur+v

o coeff’s in a’-expansion of J(s;;, 7) dubbed modular graph forms (MGFs)

[Green, Vanhove 9910056; Green, Russo, Vanhove 0801.0322]
[D’Hoker, Giirdogan, Green, Vanhove 1512.06779]



I. 1 Four closed strings on a torus

Four-point closed-string amplitude at one loop ( gra\fltons in type [IA/B)

M1‘100P(1,2,3,4) — \512323At ¢(1,2,3,4) \ / J (845, 7)

[1A/B (1)’

2
dzj

J(sij,7) = (H/TQImT) eXp(;swg( —Z5 T ))
— e

modular mvariant [Brink, Green, Schwarz 1982]

e fund. domain F of modular group SLy(Z) and torus T2 = ZETZ

e note: o/-expanding J (855, 7) at fixed 7 misses discontinuities in o Sij,

J separate expansion method for “non-analytic part” involving log(a/s; j)

le.g. Green, Russo, Vanhove 0801.0322; D’Hoker, Green 1906.01652]
[Edison, Guillen, Johansson, OS, Teng 2107.08009; Eberhardt, Mizera 2208.12233]
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I. 2 Simplest examples of MGFs and low-energy interactions

MGEF's 3 integrate polynomials in g(zij:zi—zj, 7'2 OVer 21,29, ... € T%

V.

~-
edge zj—z; vertices

e by the absence of zero-modes in p € A = (Z+7Z) \ {0}, 1-particle

reducible graphs vanish [ 42z G(z,7) = 0, so simplest nonzero MGF is

e S D

peN

recall 1 G(z,7) = — without zero mode
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I. 2 Simplest examples of MGFs and low-energy interactions

MGFs > integrate polynomials in \g(zij:zi—zj, 7'2 over 21,29, ... € T%

Y.

~
edge zj—2; vertices

e by the absence of zero-modes in p € A" = (Z+7Z) \ {0}, 1-particle

reducible graphs vanish [ d?2G(z,7) = 0, so simplest nonzero MGF is

[amoent=(5) Zw 0o

e more generally, 1-loop graphs on T° 2 = non-holo. Fisenstein series [,

2. 21 d d22j

p - /(Hhm) G(212,7)G(223,7) .. G(zp1, T)
z3 7= Im T k 1

. - Z ‘2/@ = Eg(7)

i peN ’p
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I. 2 Simplest examples of MGFs and low-energy interactions

Up to and including 3rd subleading order in o/,

d?z 4
J<5ija7_) = (H/T2Im7]'> CeXp Zsijg<zi_zj77))
1<J

=1+ (312+313+323) Eo(T) 4 s12513523 (5 Eg(7) + (3) + 0(04/4)
all Ei.(7) integrate to zero by Laplace equation A+E.(7) = k(k—1)EL(7)
M%Ifjg(l 2,3,4) — }51252314%6\46(1,2,3,4)]2 (14 51951350303 + O(a’™))
e determines 1-loop contributions to low-energy interactions R*and D"R*

e type IIB superstrings: key input for exact, S-duality invariant couplings
[Green, Gutperle hep-th/9701093, Green, Vanhove hep-th/0510027]
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I. 3 Simplest relations among MGF's

Beyond 1—1oop oraphs on the torus, get nested lattice sums, e.g.

Im 7\ “+0FS §(p1 + po + p3)
2 & Coplr) = Z Yl 12b1 20
™ p1]7%|p2|*°|p3]

p1.p2,p3elN

Higher-loop graphs often simplity to lower loop and MZVs, e.g.

d2
/Eg(z 7)° = Cr11(7) = E3(1) + (4 ()@z

2
/d—g(z 7') = 2409 1 1(7) — 18E4(7) + 3E2(7’>2

Im T

Im T
[Zagier '08; D’Hoker, Green, Vanhove ’15; D’Hoker, Green ’16; D’Hoker, Kaidi ’16]

2
/ A G2 7)0 = 60051 1(7) + 10Ea()Ch 1 1(7) — 48B5(7) + 16,

Problem: How to anticipate such relations?

What is the set of independent MGFs (over Q[NMZV])?
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I. 4 MGFs with non-zero modular weight

Generalize |72 of Green fcts G(z,7) to MGFs with different exponents

a;,b; € Z. of (anti-)holomorphic momenta p; = m;74+n & p; = m;7+n;

o+ {zl ZQ ZJR} ~ (Im T)Wt AR d(p1+pot ... +pR)
102...0R | bi+...+bp ay by ap_bp
" p1.p2,-..preN P1P1 - PR PR
e corresponds to dihedral graph with R—1 loops a1, 01
a2, b?

o closed under Maa$ operators V; = 2i(Im 7)%0; 0 : &

ap,bp

e above normalization = modular weight (0, Zﬁ:l bi—a;)

e naturally appear in type IIA/B amplitudes beyond four points
[Richards 0807.2421; Green, Mafra, OS 1307.3534]

.. as well as (n > 4)-point amplitudes of heterotic strings
[Gerken, Kleinschmidt, OS 1811.02548]
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I. 4 MGFs with non-zero modular weight

Generalize |72 of Green fcts G(z, 7) to MGFs with different exponents

a;,b; € 7 of (anti-)holomorphic momenta p; = m;74+n & p; = m;7+n;

o+ [cbbl 02 . chR} ~ (Im7)®t TR O(p1+pot...+pR)
1 02...0p | b1—|—...—|-bR ay _bq CLR_bR
s
P1,p2,--,ppEN Py Py ---PRr PR

After repeated action of MaaB operators V., = 2i(Im 7)%9;, can factor out

holomorphic Eisenstein series (using “holomorphic subgraph reduction”)

1
Gr(T) = g — k > 4 even
peN P
[D’Hoker, Green 1603.00839; Gerken, Kaidi 1809.05122, Gerken 2007.05476]

2k—1)!
(k—1)!
(7V)°CT[311] = F(rVIEy — 6(Im7)* Gy (7V;)Es

for instance (7V,)FEj, = ( (Im7)?* Gy, and
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I. 4 MGFs with non-zero modular weight

Generalize |72 of Green fcts G(z, 7) to MGFs with different exponents

a;,b; € 7 of (anti-)holomorphic momenta p; = m;74+n & p; = m;7+n;

o+ [cbbl 02 . chR} ~ (Im7)®t TR O(p1+pot...+pR)
1 02...0p | b1—|—...—|-bR ay _bq CLR_bR
s
P1,p2,--,ppEN Py Py ---PRr PR

After repeated action of MaaB operators V., = 2i(Im 7)%9;, can factor out
holomorphic Eisenstein series (using “holomorphic subgraph reduction”)
1
Gr(T) = Z_k’ k > 4 even

peN P
[D’Hoker, Green 1603.00839; Gerken, Kaidi 1809.05122, Gerken 2007.05476]

—> MGPFs expressible via iterated Eisenstein integrals!




II. MGF's from iterated integrals

15
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II. 1 Towards equivariant iterated Eisenstein integrals

Recall holo Eisenstein series Gi(7) = > e/ p~ % of mod. weight (k, 0)

— consider primitives of G(7) or 7/ Gp(7) w.rt. 7

/ 7 () Gy

e endpoint divergence fTZOO of zero mode Gy = 2(;. + O(q)

regularized via “tangential base point” (where g = e*™7)

— / dr Gi(7) = =207+ O(q)

[Brown 1407.5167]
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II. 1 Towards equivariant iterated Eisenstein integrals

Recall holo Eisenstein series Gi(7) = ) e p~% of mod. weight (k, 0)

— primitives of G(7) or 7/G(7) w.r.t. 7 are not modular forms,

/:OO dry (11)! G (7) T%“ (/zoo /m> dry ()" G ()

e cndpoint divergence f ~ " of zero mode Gy, = 2¢; + O(q)

regularized via “tangential base point” (where g = e?™7)

— / dr Gi(7) = =27+ O(q)

e additive constants from fOZ > known as multiple modular values (MMVs)

il]

— often Q|(¢m)™"|-multiples of MZVs or L-values of cusp forms

[Brown 1407.5167; Brown 1904.00179]
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II. 1 Towards equivariant iterated Eisenstein integrals

Construct equivariant forms via commutative, real indeterminates X, Y
k—2
gk[X,Y;Tl] — d7‘1 (X—71Y) Gk(7_1>

Under modular transformation with (¢ 2) e Slo(Z),

aT]+b
cT1+d

Gy [aX—I—bY, cX+dY; ] = G.|X,Y; 7]

Since 71 18 integration variable of fT G| X,Y; 1], re-expand in powers

(X—7Y ) & (X=7Y )72 = coeff. forms wy of mod. weight (0, k—2j—2)

SR k=2 r) L (XY ) (X 7Y )R 2
Gl X, Y] = ]ZO< j ) (—4rIm 7))

k—7—2
- dry ([ 7—7 J -
w+[72;7, 71} — ( ! ) (7—711)! Gp(11)

2me \drwlm 7

oi[fim]
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II. 1 Towards equivariant iterated Eisenstein integrals

Starting from modular coefficient forms ...

k—7—2
dr T—T J :
w+[k,7 71} = ( 1 ) (T—71)! Gg(71)

2m1 \4rlm T
Wi = 271 \4mlm 7 f R

.. construct (homotopy invariant) iterated Eisenstein integrals & cc

— 100

pelbbitir] = [ e kg/ e
L G e ] e
1 J2 -« JV . _

6_ ki ko ... /Cg _/ k’TTK/ / kaTTl}
- - T 7-2

Fail to be modular forms by MMVs & shorter S [less than /]

14
1. go ATHOL _ o ki—2-2j; {jl 7 }
k. kﬁ’cﬂ—d] = ( | |(C7'+d) B+ ko kgt T mod MMV

B+

1=1
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II. 2 Non-holomorphic Eisenstein series vs. iterated integrals

(2w—1)!
(w—1)12"

With the above iterated Fisenstein integrals S+ and rational ¢, =

realize non-holomorphic Fisenstein series Ey, = (ImTT)w D pel | p| 72 as

Bu(r) = —cu <6+[ ]+6 [ 2“’ | } (2w—1?(<z;0111117)w1)

_ Cw 20ow—1
(4rlm 1) =L\ (2w—1)
10 47y 1, _
— Im [/ — (71— (F=m)¥ 1G2w(71)D
s T
° (Ir%f)_@j—l cancels non-modular behaviour of f4[% 1] (— MMVs)

e similar expressions for 7, 7-derivatives of E,, (Maafl operator V)

[m 7¢ 1 (20" %(a+b-1) 2Cash—1
7o Z - (a—1)!(b—1)! <5+[“+b] +B- [“+b] (a+b—1)(4jﬂm7)b1)

amnb
peA’p p




21

II. 3 Equivariant iterated integrals

At higher depth, can find completions to modular forms 34V Hll % } of

wt’s (0, Zle(ki—Z—Q 7i)), or equivariant iterated Eisenstein integrals

14
eqv | J1 - Jo | _ i 1 Jid] - Jp MZVs and
g [foh] = oo (b b e i+ (S
1=0
[Brown 1407.5167, 1707.01230, 1708.03354]

Already saw depth ¢ = 1 example: E,,_; /2 and their 7, 7-derivatives

56(1"[77%} = 5+[ﬂ +5—[7ﬂ N (k_1)(427r<fr;17)k_2_j

General MGF's are Q[svMZV] combinations of %" and thereby

modular Q [MZV, T, T, ﬁ} combinations of G4 [ﬁ ‘Zé }

[conjectured in Brown 1707.01230, 1708.03354
& worked out in: DDDHKMSV 2209.06772]
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II. 4 Higher-depth examples

General MGFs are QsvMZV| combinations of 591" and thereby
modular Q [MZV, T, T, ﬁ] combinations of G4 H}l % }

[conjectured in Brown 1707.01230, 1708.03354
& worked out in: DDDHKMSV 2209.06772]

At depth two, for instance (recall ', b Zpl N ’201‘;]?’22;];‘))%)
) 1174 p2| = |p3

Copy = =186 3] = 1265 [§]
where (see later for general construction of MZV admixtures)
BR9] = B+ [78] + B+ (1] B[] +B-[11]

[
203 TTT(C3 55 G
(BJFDH +5- [ﬂ ) © 1080Im 7 2167Im T i 7272(Im 7)?

Highest-depth terms match those of 5%V of [Gerken, Kleinschmidt, OS 2004.05156].
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II. 4 Higher-depth examples

General MGFs are Q[svMZV] combinations of S and thereby
modular Q [MZV, T, T, ﬁ] combinations of G4+ {ﬁ % }

[conjectured in Brown 1707.01230, 1708.03354
& worked out in: DDDHKMSV 2209.06772]

- 0(p1+p2-+p3)
At depth two, for instance (recall C p, .~ ) -y \p1!2“\p2!2b\p3\20>

o1 = —186°T[79] —1265°1V | ¢ ]
&

20
4 4

Cs11 = —1208° 1§ - 12056(”[ 1] =T ) - o
i

Cooq1 = —25256qv 10 }

Eixposes MGF relations such as Co 9 1 = = 2 B+ g{) the 5% representation

is canonical since S+ with different entries are lin. independent.
[Matthes 1708.04561]
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II. 4 Higher-depth examples

Triple integrals may involve svMZVs of depth 3 in the modular completion

48C5Y 5 + 960C3C5 + 221¢1
g at6) = Belitg] + o —— 1
5529600(7Im 7)

With similar terms in other %1, reproduces triple zeta [Zerbini 1512.05689]

C§V53
VAN +211111 _ 39,
é C 211111} ’7’—>zoo_"'_8(7ﬂm7_)4+"'

via (with convention-dep. cqq6 € Q to be ﬁxed) [DDDHKMSV 2209.06772]

C+[% % % % % H = ( + 1814400 (3446) 3(5ﬁeqv — 1260(36%1\7[%} — ISOC"gﬁeqv[?l 2}

4 360(1503° (12 1] + 15053 9 ] — 0081 12] — 008 21 1] — 008 [12 1] (3.18
+1508°V[§ § 5]+ 1508°0 [ § 4] + 1958 [ 9§ + 1955°[ 1 1] + 158° 1§ {]
—3308°[ 1 ] — 33080 1 §] +4808°0[3 18] +4808°4[§ 9 §] + 3158°1[3 ¢
— 315ﬁeqv[§ %} — 19056qv[g g} — 119066qv[§ é} 28006601\][%l 513} QSOOBqu[g ]

+ 2438 [ 1] + 2438°T[ ] (0] + 4328°T [, §] + 4323° [ 1] + 36408°T[ 4],



II1. Genus-zero inspiration

25
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III. 1 Analogy between genus 0 and 1

Constructing the MZVs in modular completion

14
eqv | J1 - Jde. | _ Ji - J1. Jit1 - Je . MZVs and
6 {kl kg’T} Zﬁ_{kz .../{1’7} 6+|:,l€2'+1 ...kg’T}_F(shorterﬁi
—0
! [Brown 1407.5167, 1707.01230, 1708.03354]

partially follows genus-zero analogy in constructing single-valued polylogs

14
svMZVs and
Gsv(al, e, ayp; Z) = Z G(ag, vy Qg4 Z) G<ala sy Qg Z>—|— < shorter ng)
1=0

[Brown 2004]

in one variable a; € {0, 1}, with W-regularization G(0; z) = log(z) and

2 dt
Glay,...,ap2) —/ Glag,...,apt), G(0z) =1
0

t—aq

MZVs in GV & Y from change of alphabet in resp. generating series...



III. 2 Rewriting generating series of sv polylogs

Generating series Z4 and Z_ of meromorphic polylogs and their cc

G(ay,...,ap; z) :
ATRIEED DR DIV (IO
(=0 ay,...,ape{0,1}

with non-commutative braid operators e, e; forming free algebra.

_|_

27
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III. 2 Rewriting generating series of sv polylogs

Generating series Z4 and Z_ of meromorphic polylogs and their cc

G(ay,...,ap; z) : +
T+(ep,e1;2 Z Z €ai1€as - - - €Cap - { Glay,...ap 2) : —
(=0 ay,...,ape{0,1}

with non-commutative braid operators e, e; forming free algebra.

Analogous generating series Z° of sv polylogs

TV (ep, e1; 2 Z Z €ai€ay - --€a;, G (ay, ..., ap; 2)

(=0 ay,...,ape{0,1}

= T (ep, e1;2) M T_(eq, eq; 2) (M)~

from reversal Z_ on all words ...eq€p...=...€peq. ..

. and conjugation by series M®Y in svMZVs.
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III. 2 Rewriting generating series of sv polylogs

Target: series Z°V(ep, e1; z) in e, e; with G®V as coeft’s,
T%(eq. e1:2) = Ta(ep, e1;2) MY I_(eg, e1; 2) (M™) !

intermediate steps: derivations M3, M5, M7, ... <— odd zeta values

higher
MY =142 Y GMp+2 Y GGy My My, + (depth>
ke2N+1 k1,ko€2N+1

= Z Z SV(fklka...fk€> MklM/@"‘ng

(=0 k1,ko,...,kpe2N+1
with f-alphabet description of svMZVs in 2nd line.

Remove all M. in favor of eq, e; by evaluating nested commutators

e o — —~ — higher
MY 7 (M ) L = I +2 Z Ck [Mk,z_ ] + 2 Z ClekQ [Mkp [ngaI—H + (degpth>
ke2N+1 k1,ko€2N+1
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III. 2 Rewriting generating series of sv polylogs

Target: series ZV(eq, e1; 2) in eq, e; with G® as coeff’s,
T%(eg, e1;2) = La(ep, e1;2) MY I_(eg, e1; 2) (M™) !

— —1 — S higher
MSVI_ (MSV> — 7 + ) Z Ck [Mk,z— ] + ( depth)
ke2N+1
where commutators My, e,] are length-(k+1) words in e, e; from

eg, M) = 0, e, My] = |[®(eq, e1) |Ck761]
with Drinfeld associator ®(eq, e1) = Z+(eq, e1; 2=1), e.g.

le1, Ms3] = [lleg, e1], eotei],e1],  ler, Mi] = (brackets of (k+1) ey’s)

— G"Y(0,0,1,1;2) = T""(ep, e1; 2) ‘ = ...+ 23G(1;2)

€0epe1€l
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III. 2 Rewriting generating series of sv polylogs

Target: series ZV(eq, e1; 2) in eq, e; with G® as coeff’s,
T%(eg, e1;2) = La(ep, e1;2) MY I_(eg, e1; 2) (M™) !

— 1 —— — higher
MSVI_ (MSV> — 7 + ) Z Ck [Mk,z— ] + ( depth)
ke2N+1
where commutators [ My, e,] are length-(k+1) words in eg, e from

eg, My] = 0, e, My] = [®(eq, e1) |Ck’ e1]
Can pull conjugation with MV into change of letter e; — 6/1 in IN_7
M T_(eg,e152) (M™) ™! = T (e, efi2), ¢} = MV ey (M™) 7!

Equivalent to change of alphabet €] = &%V (e, 1) Le;d%V(eq, e1) of Brown.
[in progress: proof by Deepak Kamlesh]
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III. 3 Towards a change of alphabet for genus one

Next step: Generate MZVs in modular completion of 51" via gen. series

genus zero  IT%(eq, e132) = Tx(eq, e1;2) MY I_ (e, eq; 2) (M™) !

genus one T V(e 1) = Tl 1) BN (e ) MY T (e 1) (MEFY) !
[Brown 1708.03354; DDDHKMSV 2209.06772]

Two kinds of new ingredients at genus one:

e instead of e, €1, get oo many letters €. <> G in series J4 at genus 1,

need to specify MV, €] to obtain change of alphabet e, — €/,

[Pollack undergraduate thesis 2009; Hain, Matsumoto 1512.03975]

o additional series B¥ (e 7) in € with QMZV, 7, 7, ——]| coefficients

ImT
lancillary files of DDDHKMSYV 2209.06772]



IV. MGFs from equiv. iterated Eisenstein integrals
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IV. 1 Change of alphabet at genus 1

Generalize ep,e1 — e](fj) = ad;zo(ek) Qk>4and 0<j < k-2
with derivation algebra {€,,, m € 2Ny} subject to adko He) =0

and a variety of bracket relations |e4, €109] — 3|€g, €g] = 0 & higher order
[Tsunogai 1995, ..., Pollack 2009]

Generating series of meromorphic iterated Kisenstein integrals

a3 S YL (T

(=0 ky,....kg=4 51=0 ;=0

kop—1p—2 k 2) (k 2
(ke—3¢ ) (2 Jo— )(1]1 5i[‘71‘72 ‘M'T}

X E/Cg ,ZCQ ]ﬁ ]{2 kg’
= Y €e[P] BL[P:7]
P

with shorthand ) p for summing over words P in composite letters i
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IV. 1 Change of alphabet at genus 1

For antimeromorphic Eisenstein integrals J—(e;7) = > p €[P] B—[P; 7],

generalize genus-zero move MY 7_ (M)~ for polylogs to

—~— —~——

M™(2;) T—(e) MY (2:)) ™ = T-+2 ) G [2m, T

me2N+1
—~ higher
+ 2 Z Cm1Cm2 [Zmp [nga j—” + ( depth )
m1,mo€2N+1
with derivations z3, z5, . . . inside M°¥(z;)
higher
MSV(Zi) = 1+ 2 Z Cm Zm T 2 Z legmz Zm12m2 + ( depth >
me2N+1 m1,mo€2N+1

— E E SV(fm1fm2---fmg) ZMi1emg - - - Amy
(>0 myq,...,mpe2N+1
[DDDHKMSYV 2209.06772; implicit in Brown 1708.03354]
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IV. 1 Change of alphabet at genus 1

For antimeromorphic Eisenstein integrals J—(e;7) = > p €[P] B—[P; 7],

generalize genus-zero move MY 7_ (M)~ for polylogs to

MSV(ZZ') J—(er) (MSV(ZZ)) — “" 2 Z Cm | Zma
me2N+-1
= higher
+ 2 Z Gy Cma [Zmp [me J-|| + ( depth )
m1,mo€2N+1
with derivations z3, 25, . . . inside MPV(z;) subject to |z, €g] = 0 and
Zm, €] = nested brackets of two and more e/({j 2

[Pollack 2009; Hain, Matsumoto 1512.03975]
for instance |23, €4] = ﬁ ([eéz), €4] — S[Eél), GELD} + 6|€g, 69]) leads to

M () e4 M () ™) = eat o ([ ed] = 81 el 4 6feg. 7)) .
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IV. 2 Constructing equivariant iterated Eisenstein integrals

To finish the construction of modular forms 54" from

TN (ep:m) = Tilep; 7) BY (e 7) MY T (eg;7) (MFY)

- S

specify the new ingredlent B™(€p; ) at genus one:

e scries in svMZVs csv[il 712 kr} of transc. weight r+71+7jo+ ... +Jr

1
Yalm T

e composed to polynomials Q[im7T | “choice of SLo frame”

B¥(e;7) = Y €[PIBV[P:7]

k—2—7 j+p : N/
i k—j—2\ (j+p\ (—2miT) il
Pl = 2 (7)) e L]

e
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IV. 2 Constructing equivariant iterated Eisenstein integrals

To finish the construction of modular forms 54" from

TV (ep;7) = Tile;7) BY (e ) MY T_ (e 7) (MFY) !

specify the new ingredient BV (e;.) via composing svMZVs ¢

A 2Ck—1
SV | ] 5.
‘ [k -2
sVi0 1 :_C?) SV[12 :5_C5 sVi33] _ (3G5
i 260" © 1) = g CTLRE) = Sesong
wroogl _ %373 S35 203G 137359¢13
118 = s

1764 ~ 1470 63 24378480

with conjectural closed formula for “highest components” j, = k;—2

14
ki —2 . k=2 1
CSV[ 1/<1 gke } - (Hl—k) SV(fkl—l“‘f’fz—l) mod fewer f;
1

1=1 inspired by Saad 2009.09885]
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IV. 3 Iterated integrals of holomorphic cusp forms

—~—

Some of the iterated Eisenstein integrals in J4(€;7) ... J—(€; T) require

primitives of holo’ cusp forms Ap(7) = q + (’)(q2) in modular completion
[Brown 1407.5167, 1707.01230; Dorigoni, Kleinschmidt, OS, 2109.05018]

1 A(Ag, 12) 5
eqvil4] _— d M7 ) ) SV|: ) i|
N (5 + and MEVS |+ 000 A (A, 10) L A0
] _ 1 /\(Alg 12) 5
eqvil2 3 _ d MZ ) L Y SV|: ) :|
T, (5 & and MZVs 122472000 A(A 1, 10) SN

5SV:A51—2: = (27”3)11{/7 dry (7—71)5(7—71)5A12(71)+CC}

e depth-2 coeft’s: ratio of critical and non-critical L-values MA"‘”M.)
A(Ay,crit)

e relations like |eg, €19] — 3l€g, €] = 0 project out cusp-form contributions

to non-holo modular forms in J*V <— no [_dr; Ag(ry) in MGFs
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IV. 4 Relation to earlier approaches

Generating series of all MGFs constructed from closed-string integrals
[Gerken, Kleinschmidt, OS 1911.03476 & 2004.05156]

real-analytic iterated Eisenstein integrals £V in refs. related to 81 via
| | k1—J1—2 (/ﬂ—ﬁ—?) |
eqv | J1 | — @sv|J1 P1 Y ]1—|—p1}
b {’ﬂ} b [/ﬂ} Y (AnTm 7)PL [ k1
p1=0
k1—71—2 (kl—jl—Q)

eqv | J1 J2 | _ p@sv|J1 J2 p1 J1+p1 | asv
g [/ﬁ/@} =0 {/ﬂ/@}Jr Z (4ﬂm7)p1c [ k1 }6 {2}

p1=0
k1—j1—2 ka—ja—2 /ﬂ J1 2) (kz—j2—2) | | f
P2 sv | J1+pP1 J2+p2 Cusp form
T Z Z 47T1m T)p1+p2 ¢ [ k1 ko } T ( integrals )

p1=0  p2=0
However, 5°¥ beyond depth one not generated by Brown’s series

JV = JU(BV) " of single-valued iterated Eisenstein integrals
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V. Further directions

o unify BSV&M® in JoU = J, BSVMSVJ_ (M*V) ! via zeta elements oy,

moe %Ef) 461%0 o es’] + 1201960 (416" c6] — lea, 5 ]) + 725;600 o
el 6] o (8l ] — feaneld]) — e fen ]+

05 = 25 — i 4) 45_8[64(11)’ 6512)] n 5716()([64(10)’ eéS)] B [6511)’ 6&2)] n [ef), eél)])
e ()~ ) ) s (1 6 )+ 206l 6, ) +

— infer higher depth terms sv(fo f2), sv(fafpfe), - - - in Y from #( fg)
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V. Further directions

o unify BV &M in JoV = J, BSVMSV J_ (M=) ! via zeta elements oy,

e similar generating-function approach to z-dependent elliptic MGFs /

sv elliptic polylogarithms and their iterated-integral representation
[D’Hoker, Green, Pioline 1806.02691; D’Hoker, Kleinschmidt, OS 2012.09198]

[Basu 2010.08331 & 2210.00648; Hidding, OS, Verbeek 2208.11116]

e explore differential eq’s of higher-genus MGFs / modular graph tensors

and connections with iterated integrals / higher-genus polylogarithms
[D’Hoker, Green, Pioline 1712.06135; D’Hoker, OS 2010.00924]

Thank you for your attention !




43

Backup: counting of MGF's

Bases of dihedral & mod. invariant MGFs at w = Zil a; = Zﬁ:l b;

[y - Py dorta
" p1.p2,-.preN P1P1L - -PRPR
w 0] 1 2 3 4 5
basis of 1| 0| Ey | Eg Ey, E3 Es, EoEs, CT[311]
mod. inv. CT[511] ImC*T[423], V.EV, E;3
MGF V.EV,E, | ImCT[9122], V,E3V.E,

Similarly, 4 19,43 and 108 mod. inv. MGFs at weights w =6, 7, 8.
[Gerken, Kleinschmidt, OS 2004.05156]

Basis reductions implemented in MATHEMATICA package.
[Gerken 2007.05476]
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Backup: counting of MGF's

Bases of dihedral & mod. invariant MGFs at w = Zf;l a; = Zf;l b;

w 0 1 2 3 4 5!
basis of 10| Ey | Eg By, E3 Es, Eoks, CT[511]
mod. inv. C[511] ImC*t[923], V,E.V, E;
MGF V.EV.E, | ImCH[0122], V,E3V,E,
w 2 3 4 5
basisof | BM[}] | B[5] | AUT[R], BM[44] | B[], BRG], B°Y]4E]
mod. inv. B3] Ber[Re] . BT[E4]
MGF B[] peg ], B 6 1]




