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Euler integrals
Euler’s Beta integral  converges for  ∫

1

0
(1 − x)μ xν dx

x
Re(ν) ≥ 0, Re(μ) ≥ − 1

Here  is a twisted cycle on Γ ℂ*∖{1}

B(ν,1 + μ1) 2F1(−μ2, ν, μ1 + 1 + ν ; z) = ∫Γ
(1 − x)μ1 (1−zx)μ2 xν dx

x

A similar integral appears in Euler’s integral formula for :2F1

Its meromorphic extension to  is the Beta function ℂ2

B(ν,1 + μ) = ∫Γ
(1 − x)μ xν dx

x
=

Γ(ν) Γ(1 + μ)
Γ(ν + 1 + μ)
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z1 α1α2 + z2 α1α3 + z3 α2α3 + z4 α2
1α2 + z5 α2

1α3 + z6 α2
2α3 + z7 α1α2

2 + z8 α1α2
3 + z9 α2α2

3 + z10 α1α2α3

p1

p2 p3

p4

α1

α2

α3

Euler integrals
ℐΓ(z) = ∫Γ

(z1 αm1 + z2 αm2 + ⋯ + zs αms) μ αν1
1 ⋯ ανn

n
dα1

α1
∧ ⋯ ∧

dαn

αn

2

fA(α; z) = z1 αm1 + z2 αm2 + ⋯ + zs αms

A = (m1 m2 ⋯ ms

1 1 ⋯ 1 ) ∈ ℤ(n+1)×s

μ ∈ ℂ, ν = (ν1, …, νn) ∈ ℂn

 is a twisted cycle on  , where Γ Xz = (ℂ*)n∖VA,z VA,z = V(ℂ*)n( fA(α;z))



Gel’fand-Kapranov-Zelevinsky systems
ℐΓ(z) = ∫Γ

(z1 αm1 + z2 αm2 + ⋯ + zs αms) μ αν1
1 ⋯ ανn

n
dα1

α1
∧ ⋯ ∧

dαn

αn

Theorem (GKZ). Assuming that the parameters  are non-resonant, the local 
solutions of the -hypergeometric system are , for all twisted cycles .

μ, ν
A ℐΓ(z) Γ

The matrix  defines a projective toric variety A ∈ ℤ(n+1)×s 𝒳A ⊂ ℙs−1

I(𝒳A) = ⟨∂u
z − ∂v

z : u, v ∈ ℕs, A ⋅ (u − v) = 0⟩
here ∂u

z = ∂u1
z1

∂u2
z2

⋯ ∂us
zs

The GKZ system or -hypergeometric system of differential equations for  isA A, (−μ, ν)

P(∂z1
, ∂z2

…, ∂zs
) ∙ F(z) = 0 ∀P ∈ I(𝒳A), A ⋅

z1∂z1

z2∂z2

⋮
zs∂zs

+

−μ
ν1
⋮
νn

∙ F(z) = 0
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Counting master integrals
The number of linearly independent functions  in a neighbourhood of  ℐΓ(z) z*

=  the dimension of the space of local solutions of a GKZ system 


=  the number of master integrals


=  the dimension of the -th twisted (co)homology of 


=  the signed topological Euler characteristic of 


=  …

n Xz* = (ℂ*)n∖VA,z*, dlogfμxν

Xz*
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-discriminantsA
Where do the solutions  to our GKZ system develop singularities?ℐΓ(z)

YA = {(α, z) ∈ (ℂ*)n × ℂs : fA(α; z) = ∂α fA(α; z) = 0}

We start with  such that  is a singular hypersurfacez ∈ ℂs VA,z = V(ℂ*)n( fA(α; z))

“Landau equations”, “pinch singularities”
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Example. A = (0 1 2
1 1 1), fA(α; z) = z3 α2 + z2 α + z1, ΔA = z2

2 − 4z1z3

∇A = {ΔA = 0} “ -discriminant (polynomial)”A

Example. A = (
0 1 0 1
0 0 1 1
1 1 1 1), fA(α; z) = z1 + z2 α1 + z3 α2 + z4 α1α2

ΔA = z1z3 − z2z4

∇A = πℂs (YA) “ -discriminant variety”A (projectively dual to )𝒳A



fA(α; z) =
1
2

⋅ (1 α1 ⋯ αn)

2z00 z01 ⋯ z0n

z01 2z11 ⋯ z1n
⋮ ⋮ ⋱ ⋮

z0n z1n ⋯ 2znn

1
α1
⋮
αn

M(z)

ΔA = det M(z)

n = 1 : M(z) = (2z00 z01

z01 2z11), n = 2 : M(z) =
2z00 z01 z02

z01 2z11 z12

z02 z12 2z22

,

-discriminantsA
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Principal -determinantsA
fA(α; z) = z00 + z01 α1 + z02 α2 + z11 α2

1 + z12 α1α2 + z22 α2
2

A = (
0 1 0 2 1 0
0 0 1 0 1 2
1 1 1 1 1 1), M(z) =

2z00 z01 z02

z01 2z11 z12

z02 z12 2z22

, conv(A) =

Q

Q

A ∩ Q = (
0 0 0
0 1 2
1 1 1), A ∩ Q = (

2
0
1)

EA = z00 ⋅ z11 ⋅ z22 ⋅ (z2
01 − 4z00z11) ⋅ (z2

02 − 4z00z22) ⋅ (z2
12 − 4z11z22) ⋅ det M(z)

… are built from -discriminantsA

EA = ∏
Q⊂conv(A)

ΔeQ
A∩QThe principal -determinant is A

7
They are computable via elimination!



Principal -determinantsA

Theorem (Cauchy-Kowalevskii-Kashiwara, GKZ). For a simply connected 
, the -hypergeometric system has  holomorphic solutions.U ⊂ ℂs∖{EA = 0} A vol(conv(A))

Where do the solutions  to our GKZ system develop singularities?ℐΓ(z)

Theorem (Amendola, Bliss, Burke, Gibbons, Helmer, Hoşten, Nash, Rodriguez, Smolkin)
| χ(Xz) | < vol(conv(A)) ⟺ EA(z) = 0
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This gives a nice algebraic description of the singularities of -hypergeometric integrals.A
Landau analysis: singularities of Feynman integrals. These are specialized GKZ integrals

ℐG(z) = ∫Γ
(𝒰G + ℱG) μ αν1

1 ⋯ ανn
n

dα1

α1
∧ ⋯ ∧

dαn

αn

Coefficients  are restricted to lie in a linear subspace , the kinematic spacez 𝒦 ⊂ ℂs

Sum of first and second Symanzik polynomials of G𝒢G(α; z) =



One-loop diagrams

9This works because 𝒦 ⊄ {EA = 0}



Euler discriminants

Let  be an irreducible subvariety. The generic signed Euler characteristic 
of  for  is . The Euler discriminant of  is

ℰ ⊂ 𝒦
Xz z ∈ ℰ χ*(ℰ) ℰ

∇χ(ℰ) = {z ∈ ℰ : |χ(Xz) | < χ*(ℰ)}

χ*(ℰ)
vol(conv(A(ℰ)))

Differential equations are hard to compute. We expect their singular locus to be ∇χ(ℰ)
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Sunrise problem
p1

p2 p3

p4

α1

α2

α3

z1 α1α2 + z2 α1α3 + z3 α2α3 + z4 α2
1α2 + z5 α2

1α3 + z6 α2
2α3 + z7 α1α2

2 + z8 α1α2
3 + z9 α2α2

3 + z10 α1α2α3
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restrict to ℰ = 𝒦



Sunrise problem
⟹ ΔA∩Q = z2z9 − z3z8 = 0

z2 α1α3 + z3 α2α3 + z8 α1α2
3 + z9 α2α2

3 = 0
z2 α3 + z8 α2

3 = 0
z3 α3 + z9 α2

3 = 0
z2 α1 + z3 α2 + 2z8 α1α3 + 2z9 α2α3 = 0

α1α2α3y − 1 = 0

(ΔA∩Q)|ℰ = 0

The Euler discriminant can usually 
not be obtained by restricting the 

principal A-determinant
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all parameters in      lie inside the principal A-determinant

the generic Euler characteristic on       is strictly smaller than ℰ vol(A)

⟺

ℰ

The principal Landau determinant 
is a computable subset of the         


Euler discriminant, whose definition 
is inspired by GKZ



A zoo of examples
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A first guess
Why not ∏

(ΔA∩Q)|ℰ≠0

(ΔA∩Q)|ℰ ?

⇒
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Incidence variety
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Principal Landau determinant

YG,Q(ℰ) = {(α, z) ∈ (ℂ*)E × ℰ : 𝒢G,Q = 0, ∂α𝒢G,Q = 0}

Q ⊂ conv(A) face, 𝒢G = ∑
a∈A

ca(m, M, s, t) αa, 𝒢G,Q = ∑
a∈A∩Q

ca(m, M, s, t) αa

YG,Q(ℰ) = ⋃
i ∈ 𝕀(G,Q)

Y (i)
G,Q(ℰ) irreducible decomposition

∇(i)
G,Q(ℰ) = πℰ (Y (i)

G,Q(ℰ)) projection to ℰ

𝕀(G, Q)1 = {i ∈ 𝕀(G, Q) : codim ∇(i)
G,Q(ℰ) = 1}

z z
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Definition. The principal Landau determinant of the diagram       with 
respect to the parameter space      is the defining polynomial       of 

PLDG(ℰ) = ⋃
Q⊂conv(A)

⋃
i∈𝕀(G,Q)1

∇(i)
G,Q(ℰ)

G
ℰ EG



Sunrise solution: PLD.jl
p1

p2 p3

p4

α1

α2

α3
1 2
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p1

p2 p3

p4

α1

α2

α3
1 2
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Sunrise solution: PLD.jl
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method = :num
+ numerical interpolation

1. Compute samples on the incidence variety as regular solutions to systems of polynomial 
equations. We pick up points on desired components + dominant components


2. Filter out such dominant points, and continue with the remaining samples


3. Divide the samples into groups corresponding to their incidence components


4. Deduce the degree of the projected components from the number of samples


5. Collect enough samples to find a unique interpolant
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Hj-npl-pentb

M2^10*s34^2 - 2*M2^9*m2*s12*s34 + 4*M2^9*m2*s34*s45 - 4*M2^9*s12*s34^2 - 4*M2^9*s34^3 - 4*M2^9*s34^2*s45 + 
M2^8*m2^2*s12^2 + 8*M2^8*m2*s12^2*s34 + 40*M2^8*m2*s12*s34^2 - 12*M2^8*m2*s12*s34*s45 - 12*M2^8*m2*s34^2*s45 - 
12*M2^8*m2*s34*s45^2 + 6*M2^8*s12^2*s34^2 + 12*M2^8*s12*s34^3 + 16*M2^8*s12*s34^2*s45 + 6*M2^8*s34^4 + 12*M2^8*s34^3*s45 + 
6*M2^8*s34^2*s45^2 - 4*M2^7*m2^2*s12^3 - 68*M2^7*m2^2*s12^2*s34 - 4*M2^7*m2^2*s12^2*s45 + 136*M2^7*m2^2*s12*s34*s45 - 
12*M2^7*m2*s12^3*s34 - 88*M2^7*m2*s12^2*s34^2 + 8*M2^7*m2*s12^2*s34*s45 - 140*M2^7*m2*s12*s34^3 - 
108*M2^7*m2*s12*s34^2*s45 + 48*M2^7*m2*s12*s34*s45^2 + 24*M2^7*m2*s34^3*s45 + 24*M2^7*m2*s34^2*s45^2 + 
12*M2^7*m2*s34*s45^3 - 4*M2^7*s12^3*s34^2 - 12*M2^7*s12^2*s34^3 - 24*M2^7*s12^2*s34^2*s45 - 12*M2^7*s12*s34^4 - 
36*M2^7*s12*s34^3*s45 - 24*M2^7*s12*s34^2*s45^2 - 4*M2^7*s34^5 - 12*M2^7*s34^4*s45 - 12*M2^7*s34^3*s45^2 - 4*M2^7*s34^2*s45^3 + 
32*M2^6*m2^3*s12^3 + 6*M2^6*m2^2*s12^4 + 140*M2^6*m2^2*s12^3*s34 + 16*M2^6*m2^2*s12^3*s45 + 518*M2^6*m2^2*s12^2*s34^2 - 
144*M2^6*m2^2*s12^2*s34*s45 + 6*M2^6*m2^2*s12^2*s45^2 - 432*M2^6*m2^2*s12*s34^2*s45 - 408*M2^6*m2^2*s12*s34*s45^2 + 
48*M2^6*m2^2*s34^2*s45^2 + 8*M2^6*m2*s12^4*s34 + 56*M2^6*m2*s12^3*s34^2 + 8*M2^6*m2*s12^3*s34*s45 - 
40*M2^6*m2*s12^2*s34^3 + 268*M2^6*m2*s12^2*s34^2*s45 - 72*M2^6*m2*s12^2*s34*s45^2 + 168*M2^6*m2*s12*s34^4 + 
556*M2^6*m2*s12*s34^3*s45 + 132*M2^6*m2*s12*s34^2*s45^2 - 52*M2^6*m2*s12*s34*s45^3 - 40*M2^6*m2*s34^4*s45 - 
48*M2^6*m2*s34^3*s45^2 - 12*M2^6*m2*s34^2*s45^3 - 4*M2^6*m2*s34*s45^4 + M2^6*s12^4*s34^2 + 4*M2^6*s12^3*s34^3 + 
16*M2^6*s12^3*s34^2*s45 + 6*M2^6*s12^2*s34^4 + 36*M2^6*s12^2*s34^3*s45 + 36*M2^6*s12^2*s34^2*s45^2 + 
4*M2^6*s12*s34^5 + 24*M2^6*s12*s34^4*s45 + 36*M2^6*s12*s34^3*s45^2 + 16*M2^6*s12*s34^2*s45^3 + M2^6*s34^6 + 
4*M2^6*s34^5*s45 + 6*M2^6*s34^4*s45^2 + 4*M2^6*s34^3*s45^3 + M2^6*s34^2*s45^4 - 64*M2^5*m2^3*s12^4 - 640*M2^5*m2^3*s12^3*s34 - 
128*M2^5*m2^3*s12^3*s45 + 1280*M2^5*m2^3*s12^2*s34*s45 - 4*M2^5*m2^2*s12^5 - 76*M2^5*m2^2*s12^4*s34 - 
24*M2^5*m2^2*s12^4*s45 + 116*M2^5*m2^2*s12^3*s34^2 - 128*M2^5*m2^2*s12^3*s34*s45 - 24*M2^5*m2^2*s12^3*s45^2 - 
324*M2^5*m2^2*s12^2*s34^3 - 2200*M2^5*m2^2*s12^2*s34^2*s45 + 840*M2^5*m2^2*s12^2*s34*s45^2 - 4*M2^5*m2^2*s12^2*s45^3 - 
352*M2^5*m2^2*s12*s34^3*s45 + 1512*M2^5*m2^2*s12*s34^2*s45^2 + 408*M2^5*m2^2*s12*s34*s45^3 - 96*M2^5*m2^2*s34^3*s45^2 - 
96*M2^5*m2^2*s34^2*s45^3 - 2*M2^5*m2*s12^5*s34 - 8*M2^5*m2*s12^4*s34^2 - 12*M2^5*m2*s12^4*s34*s45 - 
76*M2^5*m2*s12^3*s34^3 - 164*M2^5*m2*s12^3*s34^2*s45 + 48*M2^5*m2*s12^3*s34*s45^2 + 120*M2^5*m2*s12^2*s34^4 + 
224*M2^5*m2*s12^2*s34^3*s45 - 348*M2^5*m2*s12^2*s34^2*s45^2 + 88*M2^5*m2*s12^2*s34*s45^3 - 66*M2^5*m2*s12*s34^5 - 
676*M2^5*m2*s12*s34^4*s45 - 894*M2^5*m2*s12*s34^3*s45^2 - 100*M2^5*m2*s12*s34^2*s45^3 + 18*M2^5*m2*s12*s34*s45^4 + 
36*M2^5*m2*s34^5*s45 + 72*M2^5*m2*s34^4*s45^2 + 36*M2^5*m2*s34^3*s45^3 - 4*M2^5*s12^4*s34^2*s45 - 
12*M2^5*s12^3*s34^3*s45 - 24*M2^5*s12^3*s34^2*s45^2 - 12*M2^5*s12^2*s34^4*s45 - 36*M2^5*s12^2*s34^3*s45^2 - 
24*M2^5*s12^2*s34^2*s45^3 - 4*M2^5*s12*s34^5*s45 - 12*M2^5*s12*s34^4*s45^2 - 12*M2^5*s12*s34^3*s45^3 - 
4*M2^5*s12*s34^2*s45^4 + 256*M2^4*m2^4*s12^4 + 32*M2^4*m2^3*s12^5 - 64*M2^4*m2^3*s12^4*s34 + 256*M2^4*m2^3*s12^4*s45 + 
160*M2^4*m2^3*s12^3*s34^2 + 1216*M2^4*m2^3*s12^3*s34*s45 + 192*M2^4*m2^3*s12^3*s45^2 + 1600*M2^4*m2^3*s12^2*s34^2*s45 - 
3840*M2^4*m2^3*s12^2*s34*s45^2 - 2656*M2^4*m2^3*s12*s34^2*s45^2 + M2^4*m2^2*s12^6 + 4*M2^4*m2^2*s12^5*s34 + 16*M2^4*m2^2*s12^5*s45 + 
134*M2^4*m2^2*s12^4*s34^2 + 144*M2^4*m2^2*s12^4*s34*s45 + 36*M2^4*m2^2*s12^4*s45^2 - 252*M2^4*m2^2*s12^3*s34^3 - 
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M2^2*s34^2*(M2^2 - M2*s12 - M2*s34 - M2*s45 + s12*s45)^4



Conjectures
PLDG(ℰ) ⊂ ∇χ(ℰ) PLDG(ℰ) ⊅ ∇χ(ℰ)but we know

PLDG(ℰ) ⊂ ∇χ(ℰ) = Landau variety ⊂ result of 𝙷𝚢𝚙𝚎𝚛𝙸𝚗𝚝

22
∇χ(ℰ)Can we compute from the primary decomposition of an ideal in the Cox ring of 𝒳A ?



Database 
available at
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