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Euler integrals
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dx
Euler’s Beta integral [ (1 — x)* x¥ — converges for Re(v) > 0, Re(u) > — 1
0 X

Its meromorphic extension to C? is the Beta function
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Here [ is a twisted cycle on C*\ {1}

A similar integral appears in Euler’s integral formula for ,F:
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Euler integrals
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da da
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The matrix A € Z"*+D*s defines a projective toric variety 2 4 C ps—1

(X)) =(0=0,:uyveN, A-(u—v)=0)

The GKZ system or A-hypergeometric system of differential equations for A, (—u, v) is

(Zlazl\

(— 1)
226Z2 Uy
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Theorem (GKZ). Assuming that the parameters u, v are non-resonant, the local
solutions of the A-hypergeometric system are ¥ -(z), for all twisted cycles I".



Counting master integrals

The number of linearly independent functions .#(z) in a neighbourhood of z*

= the dimension of the space of local solutions of a GKZ system

the number of master integrals

the dimension of the n-th twisted (co)homology of X . = (C*)"\V, ., dlogf*x”

the signed topological Euler characteristic of X_.
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A-discriminants

Where do the solutions 7 (z) to our GKZ system develop singularities?

We start with z € C° such that V,, . = V¢+u(fo(@; 2)) is a singular hypersurface

Yy = ((a,2) € (CH)'XC : fula;2) = 9, fy(a;2) = 0}

“Landau equations”, “pinch singularities”

Vo = 7 (Yy)  “A-discriminant variety”  (projectively dual to 2 )

Va

{A, =0} “A-discriminant (polynomial)”
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Principal A-determinants

... are built from A-discriminants

. _ 2 2
f:4(a, Z) — ZOO + ZOI al + Zoz 0{2 + <11 0!1 + <12 a1a2 + k) 0{2

010210 220 Zo1 Z ) 0
A = (O 0101 2>, M@) = | 201 221 212 | conv(A) =
111111

<02 <12 22 )

0 0 O 2
AnQ=<O 1 2>, AﬂQ=<O>
1 1 1 |

. . _ . . _ eQ
The principal A-determinantis E, = H A ANO
QcCconv(A)

2
E, = Zp0°%11 %2 - (Zm — 4200211 (Z§2 — 4200220) (2122 — 47,129,) - det M(z)



Principal A-determinants

Where do the solutions . (z) to our GKZ system develop singularities?

Theorem (Cauchy-Kowalevskii-Kashiwara, GKZ). For a simply connected
U c C\{E, = 0}, the A-hypergeometric system has vol(conv(A)) holomorphic solutions.

Theorem (Amendola, Bliss, Burke, Gibbons, Helmer, Hosten, Nash, Rodriguez, Smolkin)
| x(X)| <vol(conv(Ad)) < Eu2)=0

This gives a nice algebraic description of the singularities of A-hypergeometric integrals.

Landau analysis: singularities of Feynman integrals. These are specialized GKZ integrals

5 ,doy da,
jG(Z) — (%G+‘(;ZG)” all e Q" A o0 A
I a1 ay,

% ;(a;7) = Sum of first and second Symanzik polynomials of G

Coefficients z are restricted to lie in a linear subspace & C C°, the kinematic space



One-loop diagrams

Pn o,
\ %A=a1++an
Av= ,,
P17 Q2 s FA = Z (Siitt,...j-1 — Mi — M) aq; — Z m; a}
D3 i<n i=1
Do
(0 1 1 1 \
1 —2m1 Ml—ml—m2 M3—m1—m3
1 M1 — My — Mo —2m2 M2 — Mgy — M3
\1 M3 — M1 — M3 M2 — Mg — M3 —2m3 )
3
2 2
EA3 (IC) = m1m2m3H )\(mz, m;. 1, |\/|Z-)|\/|1|\/|2|\/|3(m1|\/|2 + My M2
1=1

+mom;M; — mgm;M; — mogm;My — mgm;My — m;iM; My — mam; M3 + mam; M3
—m1M2M3 + mgM% + m2|\/|§ + mng — m2m3|\/|1 + m2m3|\/12 — m3|\/|1|\/|2 + m%l\/lg
—mam3zMsz — maM; M3 — msM; M3 — myMaM3 + M1M2M3))\(M1, My, M3),

This works because % ¢ {EA — O} Aa,b,c) == a® + b* + ¢ — 2ab — 2bc — 2ac O



Euler discriminants

n
\ %An=a1 + ... +an
03
A, = n
P17 92 oy FA = Z (Sii41,...j—1 — Mi — M) oo — Z m; o}
D3 i<n i=1
P2
IC g(M’LaO) g(oame) 8(0’0)
bty " 12" —1—n|2"—1—n | 2" —1+n —n?
vol(conv(A(&))) | 2" —1 | 2" —1—mn | 2" —1 2" — 14+ n —n?

Let & C K be an irreducible subvariety. The generic signed Euler characteristic
of X, for z € & is y*(&). The Euler discriminant of & is

V,(8) = ZzEE : |x(X)| < x*(&))

Differential equations are hard to compute. We expect their singular locus to be V%(%)
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Sunrise problem
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Sunrise problem

Z2 a1a3 + Z3 a2a3 + Z8 ala?% + Z9 0(20{3% = O

ZQ(I3+Z861?% =0

== Qynp = D~ %% =0 (Aang)iz =0

—m3, —mg3, s —Mp — My — m3)

zoz+zea; =0
Loy +zno+2gaay+2z9ma; = 0 (21,...,210) = (1,1,1,

ajaony—1 =0 -

—Myp, —Mq1, —Mg, —Mg,

all parameters in & lie inside the principal A-determinant

|

the generic Euler characteristic on & is strictly smaller than vol(A)

G K £(M;,0) £0,m.) £(0,0) G E . ..
» .05 | (L) | (L) 53) T (43.830) The Euler discriminant can usually
By (15, 35) (1,1) (15,35) (1,1) outer-dbox (64,1302) not be obtained by restricting the
par (19, 35) (4,8) (13,35) (1,3) Hj-npl-dbox (99, 1016) fincinal A-determinant
acn | (55,136) | (20,54) | (36,136) (3,9) Bhabha-dbox (64,774) principa etermina
env | (273,1496) | (56,262) | (181,1496) | (10,80) Bhabha2-dbox (79,910)
npltrb | (116,512) | (28,252) | (77,512) (5,61) Bhabha-npl-dbox | (111,936) .. .
tdetri | (51,201) (4,18) (33,201) (1,5) Kite (30,136) The principal Landau determinant
debox (43, 96) (11, 33) (31, 96) (3,10) par (19, 35) IS a Computab|e subset of the
tdebox | (123, 705) (11,113) (87,705) (3,41) Hj-npl-pentb (330,3144) Eul di . h definiti
pltrb | (81,417) | (16,201) | (61,417) | (4,80) dpent (281, 5511) uler discriminant, whose definition
dbox | (227,1422) | (75,903) | (159,1422) | (12,238) npl-dpent (631,5784) is inspired by GKZ
pentb | (543,4279) | (228,3148) | (430,4279) | (62,1186) npl-dpent2 (458, 5467)
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A zoo of examples

Pn
an

(&3]
p1 @2 (e %}
Do p3

(a) One-loop n-gon diagram,
G = An (Sec. 2.5)

P4 P3
(671
« Qs
1 s |3
Q2
p1 P2

(d) Acnode diagram,
G = acn (Ex. 10, Rk. 9, Thm. 2)

P4
(¢3]
pP1_
Qs

P27 a3
Qy

p3

(g) Twice doubled-edge triangle
diagram, G = tdetri (Thm. 2)

Pa
Qy
D1 Qs
Qg Qg
P2 a;
Q2
p3

(j) Planar triangle-box diagram,
G = pltrb (Sec. 3.3.1, Thm. 2)

P 6 Pa
P2 v P3

ap

(b) Banana diagram with E edges,

G =Bg (Sec. 2.6, 4.4)

P4 p3
Qy
&
aq Qs
Q5
a2
y 41 P2

(e) Envelope diagram,
G = env (Ex. 12, Sec. 3.4)

Pa o p3
>
[e 5] Qs
a2
y 41 P2

(h) Doubled-edge box diagram,
G = debox (Thm. 2)

y41 P4
Qg Qs
(e3] a7 Qy
Q9 a3
P2 p3

(k) Double-box diagram,
G = dbox (Thm. 2)

y2t
p1 Qi
P2 o (

pP3

(c) Parachute diagram,
G =par (Ex. 15, Thm. 2)

P4
Qy
41 Qs
Qg
P2 a1°:
(&3]
pP3

(f) Non-planar triangle-box
diagram, G = npltrb (Thm. 2)

P4 s p3
>
<>

Qg
Y41 P2

(i) Twice doubled-edge box
diagram, G = tdebox (Thm. 2)

J41 Ps
(%4 Qg
(&3]
P2 asg (07
a2
[e %} Qy
p3 P4

(1) Penta-box diagram,
G = pentb (Ex. 13)

Landau Discriminants

Sebastian Mizera,! Simon Telen?

Y41 Da
Qg a
a1 an Oy
(6%)] Qa3 %.

D2 b3

(a) Double-box with
an inner massive loop,
G = inner-dbox

n Da
Qe Qs
o (&%4 (o7}
(6D) Qa3
b2 P3

(d) Double-box for Bhabha
scattering, G = Bhabha-dbox

y4! Pa
D2 b3
a7 oo

(g) Kite diagram with generic
masses, G = kite

(j) Massless planar
double-pentagon, G = dpent

b1 P4
%y, %% 5
(05] (674 (87}
D f& Qg ' Q3 Qee.p
2 3

(b) Double-box with
an outer massive loop,
G = outer-dbox

(c) Non-planar double-box for
Higgs + jet production,
G = Hj-npl-dbox

P1 P4 4! P4
(o7 (67 Qg (6%}
oy ay Qy a Q4
(') a3 a2 a3
P2 p3 b2 p3

(f) Non-planar double-box for
Bhabha scattering,
G = Bhabha-npl-dbox

(e) Second double-box for Bhabha
scattering, G = Bhabha2-dbox

D1 %, ,Ds
o P4 o } ,,,,,,
p1 o
4
po D2
Qg o) b
p3 L %
p3 # y2

(h) Parachute diagram with generic
masses, G = par

(i) Non-planar penta-box fir Higgs +
jet production, G = Hj-npl-pentb

y4!
g

P2

(1) Second massless non-planar
double-pentagon, G = npl-dpent2

(k) Massless non-planar
double-pentagon, G = npl-dpent

Principal Landau Determinants

Claudia Fevola,! Sebastian Mizera,? Simon Telen?



A first guess

Why not H (Apno)ig ? (1+ a1)(a+ bay + cas + dagas)
(AAnQ)|%7EO

Ej = 21232426(25 — 42124) (25 — 42326)

2.2 2, .2 2.2
(2325 — 22232425 + 212425 + 252326 — 221232426 — 21222526 + 212¢)

010 2 1 2
A=1001 011
1 11111

(Zl, 29, %3, R4, Z5,26) = (CL, a + b, C, b, C + d, d) = CLde(CL — b)(C — d)

del dC\fQ
/Rﬁ_ [(1 + ozl)(a + bay + cag + dalag)]Q
B 1 1 b’log(a/b)  d*log(d/c)
_(a—b)(c—d)_bc—ad[ (a — b)? i (c — d)? }
R.P. Klausen, Kinematic singularities of Feynman integrals and principal /
A-determinants, JHEP 02 (2022) 004 [2109.07584]. P
C. Dlapa, M. Helmer, G. Papathanasiou and F. Tellander, Symbol Alphabets from the /

Landau Singular Locus, 2304 .02629.



i2 : f

Incidence variety

: R = QQ[X1,X27ayb7C7d7y];

(1+x1)*(a + b*x1 + c*x2 + d*x1*x2);

: I = ideal(f,diff(x1,f),diff(x2,f),x1*x2*y-1):
ideal(f,diff(x1,f),diff(x2,f),x1*x2*y-1); Welcome to the

: Idealof R Macaulay2Web
interface
i4 : PD = primaryDecomposition I,;
ib : netlList PD
+ ___________________________________________________________________________________
= |ideal (x1 + 1, a*y - b*y - ¢ + d, x2*y + 1, x2*%c - x2*d + a - b)
+ ___________________________________________________________________________________

: apply(PD,i->eliminate(i,{x1,x2,y}))

06 = {ideal(), ideal(bc — ad), ideal (a —b,c? —2cd+ dz)}

15



0|

Principal Landau determinant

Q C conv(A) face, &= Z c,(m,M,s,t)a”, ?G,Q = Z c,(m,M,s,1)a
acA aeANQ

L Ygo(®) = (@) € (CHEXE : Ggp = 0,0, = 0}

N o Y6.0(8) = U Y((QQ(%) irreducible decomposition
[\ i€l(G,0)
S V@ =k (@) potonto @
I(G,Q), = {i € (G, Q) : codim Vg{Q(%) = 1)
Definition. The principal Landau determinant of the diagram G with

respect to the parameter space & is the defining polynomial E of

PLD®) = | ) (J V&,®
Qcconv(A) i€l(G,0), 6
1



Sunrise solution: PLD.jl

ay

edges = [[1,2],I[1,2],[1,21]; nodes = [1,1,2,2]; @var m[1:3] M[1:4];
P \m/p4 getPLD(edges, nodes; internal_masses = m, external_masses = M, method = :num)

New discriminants after codim 3, face 1/9. The 1list i

New discriminants after codim 3, face 3/9. The list is: mi, m:
New discriminants after codim 3, face 4/9. The 1list is: 1, mi, m2

New discriminants after codim 3, face 5/9. The 1list is: 1, mi, mz2, ms




Sunrise solution: PLD.jl

New discriminants after codim 1, face 1/8. The list is: 1, mi, mi1™4 - 4xmi1”3kmz — 4km1"3%mz — 4*km1°3%S + 6km172%km2"2 + 4*kmi1”2%kmz*
ms + 4xkm1”2%mz2%s + 6%km1"2%kms3”2 + 4km172%kmskS + 6km172%S™2 — 4xkmikmz”3 + 4kmikmz272%kms + 4kmikmz2"2%S + 4kmaikmzkms”™2 — 40%mikmzkmzxks
+ 4kmi1xm2%S”2 — 4kmikms3™3 + 4kmikms3”2%S + 4kmikmskS”2 — 4kmiks™3 + m2™4 — 4xkm2”3kms — 4km2"3%S + 6%km2"2%m32 + 4km2"2%m3xkS + 6%m
272%S"2 — 4xm2km3”™3 + 4km2kmsN2%S + 4km2kmsks™2 — 4xkmz2ks™3 + m3™ — 4km3”3%s + 6km3N2%ks™2 — 4kmsxks”3 + s™4, mz2, m3, S







method = :num

Homoto py + numerical interpolation
X x P(Ke) . Continuation jl

incidence

total variety
space .-
= \\/ v I 1: "—f,\; TV i 1

[]

A | y® y@
P(Ke) Ve o A\ V.
projectivized == Landau o| | |

kinematic space o discriminant ‘\41
-2 L eamm—— y 2
S. Mizera and S. Telen, Landau discriminants, JHEP 08 (2022) 200 [2109.08036]. PN Y
2 2
1. Compute samples on the incidence variety as regular solutions to systems of polynomial

equations. We pick up points on desired components + dominant components

2. Filter out such dominant points, and continue with the remaining samples
3. Divide the samples into groups corresponding to their incidence components
4, Deduce the degree of the projected components from the number of samples

5. Collect enough samples to find a unique interpolant



P2

Hj—-npl-pentb

P1 - Ps

N .
a I‘le > hep-ph > arXiv:2306.15431

High Energy Physics - Phenomenology

[Submitted on 27 Jun 2023]
All Two-Loop Feynman Integrals for Five-Point One-Mass Scattering

p3 Pa

Samuel Abreu, Dmitry Chicherin, Harald Ita, Ben Page, Vasily Sotnikov, Wladimir Tschernow, Simone Zoia

M2/10*s34/2 - 2*M279*m2*s12*s34 + 4*M2"9*m2*s34*s45 - 4*M2/9*s12*s34/2 - 4*M279*s343 - 4*M2/9*s34/2*s45 +

M2A8*m2/2*s12/2 + 8*M2/8"m2*s12/2*s34 + 40*M278*m2*s12*s34/2 - 12*M2/8"m2*s12*s34*s45 - 12*M2/8*"m2*s34/2*s45 -
12*M2/8*m2*s34"s4572 + 6*M2/8*s12/2*s34/2 + 12*M2/8*s12"s34/3 + 16*M2/8*s12*s34/2*s45 + 6*"M2"8*s3474 + 12*M2/8*s34/3*s45 +
6*M278*s34/2*s4512 - 4*M2A7*m2/2*s12/A3 - 68*M2/A7*m2/2*s12/2*s34 - 4*M2A7*m2/2*s1272*s45 + 136*M27A7*m272*s12*s34*s45 -
12*M2A7*m2*s12/3*s34 - 88*M27A7*m2*s12/2*s342 + 8*"M2A7*m2*s12/2*s34*s45 - 140*"M2A7*m2*s12*s34/3 -
108*M2A7*m2*s12*s34/2*s45 + 48*M27A7*m2*s12*s34"s45/2 + 24*M2/A7*"m2*s34/3*s45 + 24*M27A7*m2*s34/2*s45"2 +
12*M2A7*m2*s34*s453 - 4*M277*s12A3*s34/2 - 12*M277*s12/2*s343 - 24*M2A7*s1272*s34/2*s45 - 12*M2A7*s12*s3474 -
36*M277*512*s3413%*s45 - 24*M277*512*s34/2*s4572 - 4*M2/7*s3415 - 12*M2A7*s347M4*345 - 12*M2/7*s34/3*s4572 - 4* M2/7*s342*s453 +
32*M226*m2A3*s12A3 + 6*M2726*m2/2*s1274 + 140*M276*m2/2*s12/3*s34 + 16"M276*m272*s12/3*s45 + 518" M2"6"m2/2*s12/2"s34/2 -
144*M276*m2/2*s12/2*s34*s45 + 6*M2A6*m2/2*s12/2*s4572 - 432*M276*m2/2*s12*s34/2*s45 - 408*M2r6*m2/2*s12*s34*s4572 +
48*M276*m2/2*s3472*s45"2 + 8*"M276*m2*s12/M*s34 + 56*"M2/6"m2*s12A3*s34/2 + 8*M276*m2*s12/3*s34"s45 -
40*M276*m2*s1272*s343 + 268" M2/6*m2*s12/2*s34/2*s45 - 72*M276*m2*s1212*s34*s45"2 + 168*M26*"m2*s12*s34M4 +
556*M276*m2*s12*s34/3*s45 + 132*M216*m2*s12*s34/2*s4572 - 52*M276*m2*s12*s34*s45"3 - 40*"M2"6"m2*s34/4*s45 -
48*M276*m2*s34/3*s4572 - 12*M2/6"m2*s34/2*s453 - 4*"M276*m2*s34"s45M + M2/6*s1274*s34/2 + 4*M276*s12/3"s34/3 +
16"M276*s12/3"s34/2*s45 + 6*M276*s12/2*s34M + 36" M2/6*s12/2"s3473*s45 + 36*M276*s12/2*s34/2"s45/2 +

4*M276*s12*s3415 + 24*"M216*s12*s3474*s45 + 36*M276*s12*s3413*s4572 + 16*M276*s12*s342*s453 + M2"6*s34/6 +
4*M276*s34"5*s45 + 6"M216*s3474*s4572 + 4*M276*s34/3*s45"3 + M2/6*s34/2*s45M - 64*M275*m273*s1274 - 640*M275"m2/3*s12/3*s34 -
128"M2/5*m273*s12/3*s45 + 1280*M2"5"m2/3*s12/2"s34*545 - 4*"M2"5"m2/2*s1215 - 76*M2A5"m2/2*s1274*s34 -
24*M27A5*m2/2*s12M4*s45 + 116" M2A5"m2/2*s12A3*s34/2 - 128*M2A5*m2/2*s12/3*s34*s45 - 24*M27A5*m2/2*s12/3*s45/2 -
324*M27A5*m2/2*s1272*s34/3 - 2200*M2/5*m2/2*s1212*s34/2*s45 + 840*M2A5*"m2/2*s1272*334*s4512 - 4*M2A5*"m2/2*s12/2*5453 -
352*M27A5*"m2/2*s12*s34/3*s45 + 1512*"M2A5"m2/2*s12*s34/2*s4572 + 408*M2A5*"m2/2*s12*s34*s45/3 - 96*M2/A5*"m2/2*s34/3*s4572 -
96*M2A5*m2/2*s34/2*s45/3 - 2*M2/5"m2*s1275*s34 - 8*M2A5"m2*s12/4*s34/2 - 12*M275*m2*s1274*s34*s45 -
76*M27A5*m2*s12/3*s34/3 - 164" M2/5"m2*s12/3*s3472*s45 + 48*M2/5*m2*s12"3*s34*s4572 + 120*M27A5*"m2*s12/2*s34"4 +
224*M27A5*m2*s1 2"2*834"3*845 348*M2A5*"m2*s12/2*s34/2*s45"2 + 88" M2"5"m2*s12/2"s34*s45"3 - 66" M2"5"m2*s12*s34/5 -
676*M27\523 s

36" M2"5* * * * * * *

1omens§ MI2A2 334/\2 (M2A2 M2*s1 2 M2*s34 - M2*s45 + s12 545) 4Vl
D4*M2A5*
A*M215*512*s34A2*545M + 256 M2M*M2A*s12M + 32*M2M*M2/3*s1215 - 64*M2M*m2A3*s12/4*s34 + 256 MM m2A3*s12M*s45 +

160*M2A4* M2A3*s12A3%534A2 + 1216*M2M*m2A3*s12A3*534%s45 + 192*M2M*m2A3*s12A3*545A2 + 1600 M2/ m2A3*s12/2*534A2%545 -
3840"M2M4*M2A3* s 2A2*634* 54512 - 2656 MM M2A3*s1 2*s34ND*SA5AD 4+ M2AL MDA S 1216 + 4 MRA*M2A2* 1 275%534 4 16 MM M2A*s1205%s45 + 2 1
1RAA*NONA*MOND* 4 DAA*RAND L 1 AA*NONA*MOND*c{ DA *cRA*cAR L RAR*NIONN*MOND* 4 DAA*cARND _ DED*NOANM*mMOND*c{ DANR*cRANR _




Conjectures

PLDg(&) C V(&) but we know PLDg(&) 2 V(&)

xdiscriminantQ(U+F, pp,vv,unique(vcat(A...)))

Generic |Euler characteristic|, xx =
candidates = Any[mi, mz2, m3, mi™4 — 4xm1”3xm2 — 4xkm1”3%m3 — 4xkm1”3%S + 6km172%m2"2 + 4xmi”2%kmzkms + 4xm1”

2%M2%kS + 6%km17°2%m3™2 + 4xkmi1™2%km3ks + 6kmM172%S™2 — 4kmikmz2™3 + 4kmikmz22%kms + 4kmaikma22%S + 4kmikmzkms™2 —
A0%kmikmz2kms3*ksS + 4kmikm2%ks”™2 — 4kmikms™3 + 4kmikms™2%ks + 4xkmikmsks™2 — 4xkmiks”™3 + m2"4 — 4km2"3kms — 4xkm:
A3%kS + 6km272%km3™2 + 4km2"2%kmsksS + 6km272%kS™2 — 4xkm2kms”™3 + 4kmakmsN2kS + 4kmakmiks”™2 — 4km2ks™3 + m3™N4 -

4*m3”~3%S + 6%m3~2%S”2 — 4km3ks™3 + s™4, s]

PLD(&) C V, (&) = Landauvariety C resultof HyperInt

F.C.S. Brown, On the periods of some Feynman integrals, 0910.0114.

E. Panzer, Algorithms for the symbolic integration of hyperlogarithms with applications
to Feynman integrals, Comput. Phys. Commun. 188 (2015) 148 [1403.3385].

Can we compute V%(%) from the primary decomposition of an ideal in the Cox ring of 4 ?
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p1 P4

Q1 ¢ Q4
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P2 p3

(a) Double-box with
an inner massive loop,
G = inner-dbox

P1 P4
(073 a5
03] 0%4 071
a2 a3
D2 p3

(d) Double-box for Bhabha
scattering, G = Bhabha-dbox

ayq a3
P1 Pa

D2 p3

(g) Kite diagram with generic
masses, G = kite

P15 o Ps

a3 a4

P3 P4

(j) Massless planar
double-pentagon, G = dpent

P1 P4
g a5
ag av a4
(6%) a3
D2 p3

(b) Double-box with

an outer massive loop,
G = outer-dbox

P1 P4
(875 a5

(03] a4

(87) a3
D2 p3

(e) Second double-box for Bhabha

scattering, G = Bhabha2-dbox

o P4
p1
Qg
D2
a2
P3

(h) Parachute diagram with generic
masses, G = par

D2

(k) Massless non-planar
double-pentagon, G = npl-dpent

D1 }?4

051

- a2 a3 ¢ ”
D2 p3

(c) Non-planar double-box for
Higgs + jet production,
G = Hj-npl-dbox

b1 yL

a2 as3
D2 P3

(f) Non-planar double-box for
Bhabha scattering,
G = Bhabha-npl-dbox

P1

0
R00n
RO

o1 &

50
O DV
50

50

p3

(i) Non-planar penta-box fir Higgs +
jet production, G = Hj-npl-pentb

D5

P1

ps S < D6
(1) Second massless non-planar
double-pentagon, G = npl-dpent2

P4

Database
available at

MATHREPO

MATHEMATICAL RESEARCH-DATA
REPOSITORY
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