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A peculiar field theory

S[¢1, ¢2] = /dqbl A\ dqbg A\ *(d¢1 A\ d¢2)

e 2" grder in time derivatives

* Lorentz and Weyl (in 4d) invariant
* global invariance under “area” preserving maps (¢1, ¢2) — (qb'l(qbl, b2), Do (1, (bz))

 Stationary at solutions to d(d¢1,2 I\ *(d(bl A\ d¢2)) — 0

e canonical momenta involve spatial derivatives of potentials



Crab pUISar (Chandra X-ray satellite image)



Faraday disk
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Dipole -> Monopole
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Jets from Boosted Black Holes
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Force-free electrodynamics

If field energy >> matter energy
(because fields are very strong and/or matter is very dilute)
then energy transfer to matter is negligible, hence

vbTEM — _F be ~ 0 4-force vanishes,
ab T a ~

EM energy and momentum conserved

Maxwell’s equations Vg Fp = 0, V, F = Jo

Force-free electrodynamics V4 Fp = 0, F,.VyF® =0

1) Non-linear
2) Deterministic??



3+1 split: determinism
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[Komissarov ‘02

Equations hyperbolic, IVP well-posed if B2 > E? ... pfeiffer & MacFayden '13]
but this condition is not automatically preserved. When violated,
need more physics; in practice, e.g., just prune E to impose B? = E?
and continue (numerical) evolution. This may model physics...



Covariant structure of force-free fields

B. Carter, T. Uchida

Fupd"=0 = FluF.qJ°=0 = Fg,F.q =0

— —

So Fis a simple 2-form, aka degenerate: (E-B=0)

FANF =0 — F=aAN3, forsomeaand/f

and integrable:

dFF =0 and F=a AN = F =d¢p1 Ndos

So F(v,.) = 0 for v tangent to a foliation by 2d submanifolds,
the level sets of the Euler potentials.

In magnetic case, F_ F?° >0, these surfaces are swept by magnetic
field lines along zero E congruences. They were called “flux surfaces”
by Carter, and Uchida, but we call them “field sheets”.



Frozen-in theorem & field sheets

— —

Zero resistance along direction of magnetic field implies E-B=0

For magnetically dominated degenerate fields, there is a 1-parameter family
of frames U in which the electric field vanishes:

5 In “ideal MHD” there is a preferred
FabU =0 U, the rest frame of the plasma
(ions), but there need not be.

implies Ly F =U-dF + d(U : F) — () | FROZEN-IN THEOREM



Aside: conservation of magnetic helicity

AANF)=FAF =0
/

helicity current

Minimum energy magnetic field at fixed helicity is force-free.
Helicity is approximately conserved even when energy is not.

Helicity is injected into the solar corona from the interior, and blown
off by wind and coronal mass ejections.

Must use "relative helicity” to describe helicity injection from a boundary.
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The induced metric on the field sheet governs the
propagation of charged particles and Alfvén waves.
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Action for Euler potentials

Uchida, 1997

S[¢1, ¢2] = /dqbl A\ dqbg A\ *(d¢1 A\ dqbg)

Euler-Lagrange equation: d(d(bl,g A *(dp1 N dqbg)) =0

dd1 o Ad* (dp1 A dgs) = 0

Force-free field equations



Outgoing Poynting flux in Schwarzschild spacetime

ds? = G(r) du? + 2dudr — r2d0? u=t—r* retarded time.

A

F

x

dx F

df Ndx F
du Nd* F

du is null

f(u,0,8) du

df Ndu= (fodb + fsdp) ANdu  nullfield
(Adf + Bdo) A du

C'doNdoNdu null radial current

0

0

FF egns satisfied

* Arbitrary (u, 6, ®) dependence: new solutions! (Brennan, Gralla, TJ, 2013)

* Generalizes to Kerr (stat-axi-symm: Menon & Dermer, genl: BGJ)

* No scattering!? Robinson solutions (1961) with a current.



: : Michel 1973; Sch hild versi
The “Michel rotating monopole”: |(3Ia|rfd1?ord&Znacjevlr?lrzs;)l“jiflon

pMichel — o d(cos 0) A (do — Q du)

Co-rotates with conducting star, extracts “Poynting flux” : L = &F

Current flows in the northern and out the southern hemisphere.

Whlrllng mOnOpOle: (fixed axis case, Lyutikov, 2011; general case: Gralla, TJ) 2013)

A

FYRERE — g Q(u) - di(6, ¢) A (d¢9(u) — Q(u) du)
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Equatorial fiéld sheet of
the Michel rotating monopole.

t geometry of the rotating monopole

The “light cylinder” is where the “field line rotates at
the speed of light”, i.e. the intersection of the field sheet
with the cylinder is a null curve, which is a Killing horizon
for the helical Killing vector 9, + Q 9, on the field sheet.

For the Michel monopole, the field sheet geometry is
de Sitter space, and the Hubble constant/surface gravity
of the horizon is Q sin ©.



Dipole -> Monopole
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Spllt MOHOpOlEI crude model of a dipole with current sheet

+q in northern, -q in southern hemisphere

Current sheet \

vacuum monopole
(picture from Bogovalov 1999)

Monopole-like magnetic field

Split-monopole magnetic field

Current flows out both hemispheres, in along equatorial current sheet.



ROtatl ng bIaCk h0|e (Blandford & Znajek, 1977)

Imagine 1-parameter family of solutions F?, with F° = (split) monopole,
and a = BH spin parameter. Linearization wrt a implies

A% 5 A d % OF + d % F] =0

The Michel solution, exported to Kerr in Boyer-Lindquist coordinates, satisfies this:

pMichel — o d(cos @) A (dop — Q du)



d'x (dcosO Adp) ~ dO Ado A dr,
d% (dcosO Adu) ~ dOAdo A du



ROtatl ng bIaCk h0|e (Blandford & Znajek, 1977)

Imagine 1-parameter family of solutions F?, with F° = (split) monopole,
and a = BH spin parameter. Linearization wrt a implies

d%1 2 A[d%F +d%'F] =0
The Michel solution, exported to Kerr in Boyer-Lindquist coordinates, satisfies this:

pMichel — g d(cos0) A (dp — Q du)
QH a,/2

Regularity on the future horizon requires*: () = —— = 5 5
2 T +a

Then Poynting flux same as rotating conducting star (to O(a?)): negative energy flux into BH

dp = dip— ~dr

JAN *Psi and v are regular on the future
Horizon where Delta=0

2 2
du = dv—2r Za dr




Energy conservation in boosted black hole jet?
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Stationary axisymmetric magnetospheres ...

We don’t have time to discuss it now but there’s a classic theory of this,
which is beautiful and simple using exterior calculus...

... and raises an interesting mathematical question about uniqueness of
solutions to the “stream equation” with given boundary conditions and

regular singular points ...



Conclusion

Force-free electrodynamics is remarkably simple and elegant when treated
relativistically with differential forms.

We have recovered, systematized, and generalized a menagerie of known
solutions, including astrophysically relevant ones.

In and upcoming paper, we also provide an introduction and derivation of
the general properties of stationary axisymmetric force-free solutions, and
apply this to derive the general structure of neutron star and black hole

magnetospheres.

Perhaps these methods can lead to more exact, or approximate solutions
that could help us to understand the physics of jets and other plasma
phenomena.



