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5.3, Polarization domain for B-symmetric even polarization of the spin 2

particle.

The domain of possible values of the eight even polarization parameters
of a B-symmetric spin 2 particle is fixed by the requirement that the full density
matrix, including eventually some ghost parameters, must be positive, i.e. the
probabilities of the different pure states present in the statistical mixture must

be positive (cf, Part I, A6).

This "polarization domain"” can be studied intrinsically, i.e. indepen-
dently of any concrete system of parametrization, but taking into account thé
intrinsic metric of the polarization space (cf. Part I, O and A6). It is defined
in its eigth-dimensional space as the intersection of two hypercylinders, i.e;,
two domains which are unconfined in some dimensions, these of their "genmeratrices”,
and are bounded in the orthogonal dimensions of their "cross section". The gene-
ratrices of these twc hypercylinders are parallel hyperplanes of five and thrge
dimensions respectively. Two generatrices,one of each cylinder,intersect in one
point, but they are not orthogonal. They form an angle ¥ , the angle between the
only two directions, ai and a, » in each generatrix which cannot be chosen ortho-
gonal to each other. The value of this "intersection angle" of the two cylinders

is
X = arc cos % = 48,2°

The projection of the whole positivity domain on this plane 8, » a, is a iscs-
celestriangle represented in Fig. 5.1(P). The three-dimensional cross section of
the first hypercylinder is a truncated cone represented in Hg. 5.1(Q). Its revo-
lution axis is a . The five~dimensional cross section of the second hypercylinder
can be projected in a truncated cone represented in Fig. 5.1(R). It has the same
shape as the cone (Q) , and its revolution axis is 8, . The orthogonal projection
is a circle of center So and radius §:§; represented in Fig. 5.1(S8). To each
point in the projections (P) and (R) corresponds as section inside this circular

projection a certain ellipse with the same center So , as represented also in (8).



The projection in (P} defines tne Monge's circle of Chis ellipse, i.e., the

concentric circle of radius r | relatzd to the semiaxis 3 and s by

4
2 2 2 . . . - .
r- =5 +s_. This Monge ¢ circle is rsduced t» the princ 5, when the project-

s i,

ion in (P) lies in the segments PLPZ or PZP3 . 1t reaches the total project-

ion circle 8152 when the precjection in (F) lies in P, o the middle of the
segment FIF; . Irside this Monge's circle the ellipse is shrinked to a diameter
or swelled out to a circle {of radius r/\2) when the projection on (R) is in the
cone skin or in its reveluticn axis reépectively. The orientation of the ellipse
is given by its azimuth & , whick is a half of the azimuth of the projection

on (R).

Thus any even, B-svmmetric polarization state is represented by twe
points in the cones (Q) and (R) respzctively, whose intersection lies in the
triangle (P) , and a third point in the corresponding ellipse (§) . The unpolar-
izgd state is represented by the points Q. - Rg s and S0 . The degree of polar-

ization of any state is directly given by the distance of the representative

that a. and a, are not orthogenal,

i 2

—

point to this "isotropy center"'. (Recal

and use the triangle (P) to mezsure distances in this planel.

Pure states have degree of polarization 1 , and are easiiy found.
They form two connected sets. The first set is represented by the circonference
Q2Q3 of the base of the come (Q) , and the projections Rl and SO in (R)
and (S) . The second set, by the whole lataral skin of tha cone (R) , together

with @ in (Q) , and any of the extremes of the shrinked ellipse in (8

Thus a pure stace of the first set is fixed by its azimuth ¢ on the
cone (Q) , which can be measured frem ¢ to 4 . In this transversity quantiz=-
ation, and labelling pure states by their magnetic quantum number, the general

expression for this first type of nure states is {up ro anm arbitrary phase) :

o> = YT R s LT e Y s o8



11.5 - 10 -

A pure state of the second set is fixed by its azimuth § on the circle (S)
from e to £ , or its azimuth 2§ on the cone (R) from g to h , and the
distance x to the axis of this cone, which can be ncrmalized from O (for
the vertex Rl) to 1 (for the circumference of the base R2R3). With the same

terminology, the general expression for this second type of pure states is

b4 = V%72 ew}2> + \VT=x|o> + \x72 e"w‘-b (2)

Pure states of type (1) are evidently orthogonal to pure states of

type (2). Two pure states of type (1), im1> and ‘¢2> , are orthogonal if
(Plngi"’ ?

i.e., if they are represented in the base of the cone (Q) by diametrically
opposite points, as Q2 and Q3 . For pure states of type (2) , the orthogo-
nality is a little more disguised. The pure states orthogonal to the vertex

R, of the cone (R) form the circumference R2R3 of its base. The pure states

1

orthogonal to a point Rz of this circumference form the opposite generatrix

RiRy with twe different projections on (S) (the extremes of the shrinked

1

ellipse, which coincide only for Rl and Rz)t The pure states orthogonal to
a point, R4 , of any generatrix Rle form the ellipse laying in the plane

R3R5 which is orthogonal to the corresponding meridian section and has

R1R5 = E;iz . To each point in this ellipse corresponds only one projection

on (S) (the more distant of the projection chosen for Ra). Two points in thi:
ellipse represent orthogonal states if they are symmetric through the center of
the ellipse. The projection of this ellipse on the base of the cone is ancther
ellipse which has as foci the center of the base and the symmetric thropgh this

center of the projection of R4 . From this projection, the conditions for threc

states |x3,wj>~ o type (2), o b cuovhogonal o sl other are found to be
z xj = 2 (3 = 1,2,3) (3a)
£y efti=o (3b)

-l 2m/2 G #KO . (3¢)
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Any even, B-symmetric polarization state can be decomposed in five
orthogonal even, B-symmetric pure states. Two of them are of type (1) and have
the form §cp > and i-cp > and the probabilities ‘\1)‘2 which are defined,
as functions of the density matrix elements for transversity quantization (in
Fig. 5.3 the relation between these density matrix elements and the parameters

in Fig. 5.1 is visualized) by :
A, + A, = 2 Tp (4a)
1 2 11

ip_,T
-\ e 270, 4 - (4b)

The other three pure states are of type (2) , and have the form Ixj"j) and

the probabilities pj defined by equations (3) together with :

T , T :
_ T
b My Xy = 2 py,y (5b)
21§
X My Xy e =2 sz._z (5¢)

iy,
E u M&xj(l-xj) e J =2 szo. ) (5d)
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IABLE 5.3. - Pos:tivity conditiors for the meacurable polarizatien
parameters of B~symmetric spin 2 particle

{a} Convenient rerminclogy

5 T (2) 6T (4 A6 1 (2 5 T (4

a4 21 0 0 o 21
20 071 (2) 1T (4) 1 17 (2) B0 T (4)
Ay = W51 TR T o =431 Yo W21 Yo
371 (2) ﬁ T (4)
¢ = 7 Yo 7T Ta
51 (2) JE T (4)
Y B
_ AT (2) [k T (4)
¢ = Jg Tetys T
e - )
) 4 T (2) 3 T (4)
f = ,\/? r__2 + = r~2
T (4]
g = r(4)
h = TI(:)

Positivity ccnditions

i i i
(b) - JG = dl “JG < a2 al + a2 s 54
2 g (1= K a1)2
(c) ¢ + d <
10
(d) (1448 ay) (e + 1%) - V10 g (< ~)§2‘> - V0 b 2ef =
— (1 + 45 8o 9 9
s [1-421 (a; + 8,01 n - (g + %) ]

Decowpesition of condition (d)

.9
o (1 + V6 52,“ , 2 P 2

2 2 :
(di) g5 + h° < 55 : (d2, 5

(e) Supplementary terminology

e’ = e cos o + f sin
tg 20 = h/g
f’ =-ecin a + f cos a e
9 —— ~ ; 2 2
¢ © -%[1-V24-(&1 + a,)] [(1 +46 ay) + V10 V¥ + %]

+
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Two dimensional diagrams for
plotting experimental points
inside the polarization domain
in FIG.5.1. (R) ana (Qq) are
meridian scctions of the cones
(R) and (Q). The points plotted
in (P), (R{). ana (Q1) are inva-
riant under rotations around

the normal. (R,) and (Q,) are
vertical projections of the

same cones. The azimuth of the
points plotted in (02), (R,),
and () are differeng for.s, t
and u frames of quantization
(the corresponding crossing
angles have to be added to V}
and 3).

FIG.5.2
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5.4. Colincaricv Condition and Model Predictions.

The colinearity condition (forward or backward production of the
particle in a two-body reaction from unpolarized target and beam) implies that
the density matrix is invariant under rotations around the colinearity axis,

that is, p is diagonal for a helicity quantization. Thus the multipole

parameters HréL) with M # 0 , must be. zerc. For the even polarization of the

" spin 2 particle, only two multipole parameters, HréZ) and Hr§4) , can be

¢ifferent from zero. Therefore the eight-dimensional positivity domain in Fig.
5.1 shrinks to a two-dimensional one : a triangle coclcz whose projections on

ciagrams (P),(Q),(R),(S) are drawn as dotted triangles in Fig. 5.3 (the"

projection on (S) is a line). The vertices C_, Ci and C, represent the even

. H H H D . ,
states with Poo - 1, Py % and Py # respectively. To fix the posi~

tion of these points, note that the line CICZ out the triangles P1P2P3 and .

QIQZQB at half their height ; and the relative distances in (R) and (8)

are given by

— A
= 2 - —
R3C, 2 K0Gy 5 RiRy oo
- . e
So o 2 SoCZ 8 Sosl

Let us now indicate the predictions of the t-channel exchange with

- + .
fixed quantum numbers, for the polarization of 2 particles produced in the

following types of reactiomns :

07F —> 2y, (6)
0T —> 273°% (N

where J represents any half-integer spin, and €  any parity (cf. Ader-
Capdeville-Cohen Tannoudji-Salin—68 , Ringland-Thews-68 and Thews-6%). Some
projections of Ehe subdomains predicted by this model are also visualized in
Fig. 5.3. Note that Fig. 5.3 reproduces Fig. 5.1 with the same scale and

orientation, but for convenience it has been parametrized by the elements of

the density matrix for transversity quantizatiom. To take into account the non
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normaiization cf these matrix elements, the absolurte maximum of each one of

them has been indicated in the figure.

For all reactions cf type (7) in the limit of Regge theories (i.e. for
small negative fixed t and infinite s ) the exchange of "normal parity' (i.e.
J ) P N &2 . .
g = p(~1)" = +1 , or JF=1,2,3 ;0 exchange is forbidden by angular
y conservation) predicts a polarization subdomain projected

momentum and parit

of the triangle (P), and therefore on Ry, 5, and the whole

»

on the vertex P2
base of the cone (Q) . For exchange of "abnormal parity" (i.e. o= -1, or
JP =0 17, 27...) the predicted subdomain is projected on the side ?1P3 of
the triangle (P) , and therefore on Qq the whole cone (R), and the correspond-
ing ellipses in (8) . But when a "single" trajectory of abnormal parity is
exchanged, the projectiocn on (R} must lay on the lateral skin of the cone,’and
therefore the ellipses in (s) are shrunk ro segments.
For reactiocns of rype (6), the exchange of 17 particle predicts a
1

polarization subdomain projected on the segments P2 Py Q, Qé s Rl Ri , and on

the point So . The size of these segments is fixed by

s e . TTT / Go = BRI/ RK, =
2oP5 1 ByPs Qe /1 Yy RR] /ORyR, = E2

where £ is the parameter defined in equations (4a) to (4c) of 2.4. The

exchange of 2 particle, or higher spin and normal parity particle, predicts

a more complicated polarization subdomain, whose projection on {py is in the
: ~ o) it v >

triangle LZPZPZ with

p.p. / PzP1 = f/2

e single point whose projections in
(r),(q),(R) and (8) are C . The exchange of 17 oarticle predicts a three-
dimensional subdomain whose projections on (?) and (Q) are in the triangle

, with

p_p!C_ , and in che segment Qq Q.
« 2 L

et ot P PT——

BT/ PP, = Q,Q /@y, = /2



R
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For nigher spin and abnormal parity the projection in (P} is in the trapezoidal

region P3P1PiP§ . But if the isoparity of the exchange is well defined and is
; +

"normal' ( 7 = G(-l)I - +1), then the projection on (P) is on the segment

P1P3 » as in the case of exact Regge limit.
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PART 11 - APPENDIX 1.

THE POLARIZATION VECTOR OF & SPINLl PARTICLE.

1. The polarization vector of the particle at rest,

2. Decomposition of the polarization state into multipoles.
3. The covariant polarization vector and density matrix.

4. Covariant positivity conditions.

5. The manifold of pure states of polarization for spin-1 particles.

0. Preliminazry remark.

The polarization vector describing a pure state of spin 1 particle is not
to be coﬁfused with the axial vector describing the density matrix of a spin %
state or also the dipole part of the density matrix of a state of any spin. We
insist that the polarization vector be used only in the description of séin—l pure

polarisation states.

1. The polarization vector of the particle at rest.

In this appendix we exhibit the relationship between the usual "polar-
ization vector" of a pure polarizatioﬁ state of a spin~l1 particle and its density

matrix of polarization.

Consider first the particle at rest., Its polarization space is a three
dimensional Hilbert space H3 on which the rotation group S0{(3) acts through
ite adjoint representation D(l). It is therefore natural to "identify" 33 with
the space 53 , the complexified of the space 83 in which we live., Thus N3 has
a distinguished real three dimensional subspace. With this correspondence between

H3 and EB , a pure state of polarization for a spin-1 particle at rest is often

denoted by the complex vector

7¢c e, (1)

corresponding to

|2 > € u, ")
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The Hermitian scalar product of two polarization vectors is
Tt =<y (2)

where 2* is the complex conjugate vector of I , 1.e. in a real basis of 53 )
the coordinates of 1* are the complex conjugate of those of 1 . An orthonormal

basis for the polarization vectors is defined by
corresponding to < i|j > = 6ij . (3)

A frequent example of a non real orthoncrmal basis is given by :

-3 -3 J -3 o
e, and ei ¥ vf (eli;iez) -é; (4)

where 21,‘32, 35 form a veal orthonormal basis gi = g: satisfying (3).

In this real basis the generators J of the rotation group are repre-

k

sented by matrices whose elements are :
i .
(J,) = -ie . . (5)

One can compute the matrix elements of

k i k
1 6, =~ ﬁj 6

T
n

i i
(F,3¢) T (6)

5 " “Cimic Smg1 T 9

One then vaerifies that the matrix elements of the commutator of two Jk are
~ kg1 S me 1
({1°,3°p I sum(J ’_3 . (n
One also verifies that
P-7.7 =21 (8)

-5 “
and that the vectors 53 and e correspond to the pure states (1,m) with res~

pectively m = 0 and m = + 1 , the eigenvalues of J3 .

To summarize, a pure state of polarization of a spin-1 particle at rest is

completely defined by its polarization vecter 7 normalized to
T 71-1 . (9)

The polarization density matrix of this pure state is
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from (5)9 trpxtr Z@?:f‘zzl . (11)

The tensor 4 @ ?* is also understcod as a linear operator acting on vectors of

é3 as follows

TetHz =17 D (12)

Remark that polarization vectors which differ by a phase, such as 7 and

i . .
e'® 1 s represent the same polarization state.

2. Decomposition of the polarization state 2 into multipoles,

Let us define the real end imaginary part of the vector 1

PoreT=30+ 1) ,Eemue-5A-1T) (13)
The decomposition of the temsor p = y) 811* into irreducible rotation

tensors is done by taking :

i)  its trace :
erp=1°.1 22,022 (9)

ii) dits antisymmetrical parc

#

W iFes - teD (14)

. T
tder-1Ted) =op
iii) its traceless symmetrical part :
ey - pory et l 1
2 ® % Pwf) - 31=p " =TT +a®3 -31 . (15)

That yields the explicit decomposition of p into multipoles (see 1.A2(67))

p = p(O)+ p(l)+ p(l) with Q(O) - _:1;1 . (].6)
- —
Let us choose a real orthcnormal basis e = ek(k= 1,2,3) of 53 . We
denote by kk, gk, ak the coordinates of § s r s a t
- k — k ky, =
= = i 7
L= ) €y (g + ia ) e, (xn

with

+ Since 53 has a Euclidean metric, the corresponding covariant and contra-

variant components have the same value. We will nct distinguish between them

but we keep the Einstein summation convention.
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N LWy =1 (18)

2
T hEl = s
k k

In this basis the density matrix P has for matrix elements :

. . ) . $ : h ]
pH= 31~ s - 1t oI - glaby 4 algd 4 aled - 3 5t (19)
with the use of (5) and (6), equation (19) can be written :
Y k ki '
p=3L +0J +X I 7y (19")
where we have denoted by ak the coordinates of r xa , i.e.
gl - plat - o (20)
and we have defined
xkz = -(Bk 5t+ o ot - —;“- GI; ) 2n
Note that
XP=o o (22)
and also
XkL Uﬂ - % gk . (227)

The real numbers ck and x#z are the coordinates of the dipole and quadrupole

polarization,

3. The covariant polarization vector and density matrix,

If the spin-l particle has an energy-momentum p , its polarization space
H3(R) * can be identified with 53(2) y the complexified of the three dimensional
space orthogonal to P - When the particle is at rest p = (m,a) . The transform-
ation into covariant notations of the formalism established in the rest frame is
easy,

We use greek and latin letters for indices with respective values 0, 1,

2. 3 and 1, 2, 3 . Let n(a)(g) be a chosen tetrad corresponding to the energy-

¥ Introduced in I. AlL.3.
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(o)

momentum p = wmn . To gimplify, we consider only real tetrad vectors.

iy . : .
The X''s become the complex component of the covariant polarization

vector ‘ .
2= 2 (23)

whese real and imaginary parts are respectively :

Re 2= r=3+) =50 myg=a=k M- o

Because of the relation

ERTING DS N S (25)

the Hermitian scalar product on ﬁ3 corresponds to
#
<glg'>= -4 g (26)
and the density wmatrix p is

=484 . (27)

50 p 1is not only an operator on 63(2) , but it is alsc an operator acting on
space-time. We will denote by Ip the identity operator on 23(2) and by I,

the identity operator on space-time

- (i) (i)
Ip - ﬁij n @n
)

Note that Ip is also the projector from space time onto 33(2)

1 .
I,=1,-5p®p . (30)
m

When we replace Ji by the generators S(k)(B) of the "rotations" of the

little group of p that we have introduced in 1.Al

sV = - Ly .t 1.A1(31)

then equation (16) can be written as

p = % Ip - % s.Wip) + JE wip).q.W(p) I.A1(34)

m

with (i)
s = 4+ g n 1/ (31)



(k) (L)

and 9= Xxgn @1 . (32)
Note that, as required in I1.Al ,
5p=0,p.g=gp=0 (33)
k) ()
b ! Koo =0 (34)

AT Kty M T B X

We also have for the pure state of polarization 4 (see (22'))

8.9 = g.s = - % s ' (35)
®
and s.4=3s.4 =s.r=5.3=0 (36)
* 2
det(p,s,r,a) = i det(p,s,4,4 ) =-ms 20 . (37

4. Covariant positivity conditions.

A general polarization density matrix for a spin-l particle of energy-
momentum p 1s determined by an axial four vector s and a traceless symmetric
tensor , g , both orthogonal to p . However, besides equations (33 and (34) ,
s and g have to satisfy other conditions equivalent to p >0 . In I.A7
we have shown that these conditions are, since tr p = 1

I~ tr p2 20 , 1~ 3 ¢r p2 + 2 tr _oj = 0

By a straightforward computation one finds the covariant form of these ine-

qualities :
% - tr 32 + 2 32 20 with tr gf = qs qg (38)
% + 2 32 - tr 32 4+ 2 tr 33 + 6 s.g.8 20 with tr 33 = qﬁngs . (39)
The polarization degree dp is given by
2 3 1.2
= = - - \ 3
dp 5 tr(p 31) 0 s dp <1 1.2(5)(5")
Its covariant form is found to be :
2 2 2 3 Y 2
4 = - 3sT+5trg 4y + (o) (40)

where d = (-3 s )% and dpyy = (% trgz)é are the degree of odd and of
L) a4
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even polarization respectively. For a state without even polarization g = O
and equations (39) end (40) yield
1 N
0<d =4 s\L . (41)
p (1) 7i3
Indeed V{I73 is the value of the radius of the positivity cone for B-symmetric

states at the level of the symmetry center (see Fig. 2.1)

5. The manifold of pure states of polarization for spin-l particles.

Every density matrix p can be diagonalized by a unitary transform-
ation p a~® u p u'1 with u € SU(3). However, this diagonalization is not
always possible if one restricts v to be 2 3 x 3 unitary matrix repre-
senting a "rotation” (= element of the little group of the energy momentum
p ). For examplc, for pure states, we will show that the density matrix
of nearly all of them cannot be diagenalized. This is equivalent to say that
ocne cannot find any quantization axis such that the polarization state is
eigen vector of the "rotations" around this axis, the eigen value being

the "magnetic quantum number” wm = -1,0, 1

As we have seen in 1.A8 , the manifold of pure states of polarization
for spin-1 particles is the homogenecus space S8U(3) : U(2) = Pz(C) the com-
plex two dimensional projective plane ; it is the set of normalized vectors

It > € 33 defined up to a phase,

By the action of the "rotation'" group, this manifold is decomposed
g P,

into three strata

i) a stratum of one orbit, that of the longitudinally polarized states, i.e.

states for which there exists a quantization axis such that thelr magnetic
quantum number ism=0 . Then £ is, up to a phase, a real vector, the unit

vector of this quantization axis, For these stares

Z 2 _ 2 3 2
s =0 , tr ﬁé = é’ y tr g7 = g (42)
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the little group of a longitudinally polarized state is 0(2), generaced by
the "rotations" around 4 and the "rotations" of 1 around the axes perpen-

dicular to 4 (and p)

ii) a stratunof one orbit, that of the circularly polarized states, i.e. states

for which there exists a guantization axis such that their magnetic guantum num-
ber is 1 or -1 . Then p/m, \2r, V2a, 2s form a right handed tetrad of

unit vectors :

3 _ =1

2 3 2 . L=l
» ST 4 5 - (43)

2 73 3 )
dy T3 =f.dg =Fterg

p=—y

e

The corresponding little group is S§0(2) , the "rotations" around the quanti-

zation axis,

iii)the generic stratum containing a one parameter (d(l)) family of three
dimensional orbits whose little group is the two element group 22 . Its

generator is the "rotation" of r around 5

I+ % (1+e_a_.§)"1(_§_+-e§) @ (24+ea) wirh 1 = _:;/J-rz, a = _zu_/'\J-a2; (44)
e=+1

it transforms § into - 4 . The parameter d(l) satisfies

=L, 2 1 3,2 _1 2 L 45
O £ -5 -3 trg + 3= -ty g~ + 3 3 d(l) < A (45)

Since the equations (42), (43) and (45) are covariant, the expressions such
that "longitudinally polarized (pure) state” (for d(l) =G ) and “circularly
polarized (pure) state" (d(l) = V372) have a covariant meaning for spin-l
particles., Indeed the study we have just made, shows that one can choose a
quantization axis such that the corresponding "magnetic quantum number” n

is respectively ¢ , + 1 for such states. By a "rotation" (i.e. a transformation

of the litt'e group of p the particle energy-momentum) a longiiudinally polar-
ized state and a circvlarly polarized siate for a given quantizatien axis, stay
respectively longitudinslly and circularly polarized along the rotated

quantization axis.
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In the physics
polarization of a spin-l
to a phase~ polarization
course such a transverse

is "rotated" by ? from

=

4

-

[
t

Yol
i

literature one can also use the term of "transverse'
particle for describing a pure state with a real -up
vector £ orthogonal to the quantization axis n . Of

state becomes longitudinal when the quantization axis

noote £ .

In I1 2.3 we have used the language of polarization vectors. The B~

symmetric even pure states are represented by the vertex of the cone and the

circumference of the base. They are respectively the longitudinal and the

+

transverse polarization states in transversity quantization,

MNote on Covariant Polarization Density Tensor for spin one.

The treatment of this appendix is inspired from Michel-Rouhaninejad

Phys. Rev. 122-242(1961. It shows implicitely that for a spin one particle, we

can represent the polarization density matrix by a second rank space time tensor

which is hermitian, orthogonal to p and has trace one :

e}

In term of the dipole s

= ¥ i.e. ¢ =¢ (46)
= Y Vil

¢ =0=r¢c.p (46')

c =1 ie. =1 (46"

= b

and quadripole g introduc¢ed in (31) and (32)

1 i i o}
c =g -5 )+ = PsC 4
pv o3 guv m pu Py m €uvp€‘ pes 9 (47)
or
("3};**-}-«( C\' y
= 3% T oam RaA2 T4

where IP is defined in (32) and (p’ks)' is the polar tensor of

t For spin 1/2 particles

the adjective longitudinal and transverse qualify the

dipole polarization (which is an axial vector) ; see again our preliminary

remark |
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4
(p,.s) =ps -5 .
LA Gy Py Py
— . . ¥
For a pure state of polarization vector £ (with 24,4 = -1) we have

seen that
g ==-4® ¥ (48)

The transition probability A of a reaction involving a spin one particle can be

written
A = FHY (49)
ny
where FHY depends on the p's of the reaction (F®V can be called the transition

function).

One verifies that the density matrix can be written with operators

W(p) defined in IA.1(30)

1 1
p(p) = =5 W(p)* w(p)V (e hs,) =~ Wip). (g~&L).W(p)
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Appendice A2

CALCUL EXPLICITE DES DOMAINES DE POLARISATION

1 - Particuledespin 1.
FerewsromesrIEISm TSN

La polarisation d'une particule de spin 1 est décrite par huit parametres.
Mais si la particule est produite dans une réaction B-symétrique, quatre para-

metres sont identiquement nuls. Si on utilise une tétrade de transversité les
(2)

quatre parametres r(i"d) réels non nuls sont les paramétres avec M pair : r 5 *

((2)), r(_zz) et r(é) Pour simplifier les notations nous les appelons respectivement
Z, X, Y et F, Le parametre F est un parametre "fantome" qui n apparaft pas

dans la distribution angulaire d'une désintégration en deux corps car il est de
polarisation impaire.

(L)

La matrice densité s'écrit en fonction des parametres r M Sous la forme

(Partie I - ch.II - (51))

I 2j (L) (L)
P = 5o Y 5 L T Q@ - (1)
2j+1 2j*1 | “m M M
Pour j=1 ona
p = % %(z Q(2) + X Q(z) iy Q(z) i F Q(l)) 2)

et en utilisant la forme explicite des matrices Q(Ii; (Partie I - ch.I1I) on obtient

la matrice en damier

1+z, F 0 X - iY
3 V3 V3
1-22Z
= 0 L
p 3 0
X +iY 0 1+Z F
V3 3 V3

(L)

Les parametres X, Y, Z, F étant des parameétres r M sont bien orthonormalisé
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On vérifie en effet que le degré de polarisation dp dont 'expression générale

est (Partiel-ch.I- (48))

2 2§+l 1.2
sléerit
(dp)2 = 22 x2 v+

D'une manire générale le domaine de positivité est défini par les deux

conditions suivantes : (Partie I-ch,Il- (14))

a) il ne contient que des matrices o telles que

detp >0 (4a)

b) il est connexe avec une matrice positive quelconque (par exemple la

matrice oy de 1'état non polarisé). (4b)

De plus nous rappelons que le domaine est convexe et que par conséqtg'ent
le contour apparent du domaine sur un plan de symétrie est confondu avec 1'inter-
section par ce plan,

Pour la matrice (2), la condition (4a) s'écrit

detp = % [1 - ZZ} {(-—I‘-—-g-z—)z - (,X2+ Y2+ Fz)" >0
J

Cette condition sera satisfaite si les quantités entre crochets sont toutes les
deux positives ou toutes les deux négatives. Mais pour la matrice _o0 (X=Y=Z=F=0
les crochets sont positifs, En vertu de (4b) ils le sont pour toutes les matrices

positives et le domaine de positivité est donc défini par :
z < 1 (5a)
2 3

]
X%+ v F? < (1—2-2-)“ . {5b)

L'expression (5b) est satisfaite a !'intérieur de deux demi-cOnes disconnexes
de sbmmet Z = -1, Mais la condition {4b) précise qu'il ne faut retenir que le
demi-cdne ouvert vers les Z >0 qui contient D, » et fixe donc la borne infé‘-
rieure de Z

zZ > -1 (5¢)
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La transformation

F ey -
laisse invariantes les expressions {5), Donc ie plan ¥ = 0 est plan de symétirie
du domaine (On connaissait a priori cette symétrie par rapport au plan des
polarisations paires). Le domaine des polarisations paires est le conf‘our appa-
rent du domaine de positivité sur le plan F = 0. Ce plan étant plan de symétrie,
contour apparent et intersection sont confondus et on obtient donc le domaine de

positivité des paramétres de polarisation paire en faisant F = 0 dans les

expressions (5).

Les conditions

D feme

~l<Z <

X2 +Y2< (H:;Z )2

définissent bien le tronc de céne équilatéral et unitaire de la Fig.2.1.

Les états purs se trouvent & une distance dp = 1 du cenire diisotopie, et

les états orthogonaux sont distants entre eux de

- (2R
dorth. Mo , (8)

c'est-a-dire V3.

2 - Particule de spin 3/2.

Si on choisit une tétrade de transversité, la polarisation d'une particule

de spin 32 produite dans une réaction B-symétrique est décrite par les mémes
quatre parameétires que la particule de spin 1 : r(g), r(z), r(zz) 5 r((l)),k plus

trois parameétres avec L = 3 : r(g), r(g), r(az) . Les parametres avec L =1 et

L = 3 ne sont pas mesurables par étude de la distribution angulaire de la simple
désintégration mais ile sont mesurables dans le cas de désintégration en cascade.
Ce ne sont donc pas des "fantdmes" au méme titre que r(é) pour le spin 1. Pour

simplifier 1'écriture nous posons :
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(2) _ @ (2) _
r0 = 7 £y X r_z Y
(3) _ (3) _
rz = A r~2 B
r(” - 20+ D I'(3) - -C + 2D

0 V5 0 V5

Les deux derniéres relations définissent une nouvelle base dans le plan

r(“ r(s). Cette nouvelle base est orthonormalisée et on passe de la base

0’ 0
r(;), r(g) a la base C,D par une rotation d'angle o = arc cos V&b =z 27°.

Avec ces notations, et en utilisant 1'expression (1) et la forme explicite

des matrices Q(L) pour le spin 32 (Partie I-ch,II}) on obtient la matrice en

M
damier
113 ZH3(C+D) ] Y3X-iY )#3(A-iB) 0
. 0 1-V3 Z4#/3(C-D) 0 3(X-1Y)-VIH(A-iB)
F s VI(X+iY )+ 3(A+iB) 0 1-V3 2-y3(C-D) ‘ 0
0 VX +HY)-V3(A+B) 0 1+/3 Z-(3(C+D)

(7)
On vérifie sur cette matrice gue les paramétres X, Y, Z sont pairs et
que les parameétres A, B, C,D sont impairs : les parametres pairs sont symé-
triques par rapport a la deuxiéme diagonale, les parameires impairs sont anti-

symétriques. On vérifie aussi que tous ces parameétres sont orthonormalisés,

En calculant le degré de polarisation (dp)2 , Eq.({3), on obtient

(,)? = Z2+x2+ v+ A%+ B2+ 24 DP

o

Pour calculer le domaine de positivité on utilise les deux conditions (4).
Le déterminant de la matrice (7) se calcule facilement, car en permutant les
lignes et les colonnes on peut diagonaliser la matrice en deux blocs, et le déter-
minant se factorise aisément. (Cette propriété est une propriété générale des
matrices en damier et constitue un des avantages de la quantification en trans-

versité). La condition (4a) s'écrit
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2
detp = [(Wé‘ +D)? - (z+)% - (x+A) - (Y+B)2}

I
2 - (x-4)° - (Y-B)Z] > 0
J

[N’ﬂ' -y - (z-C

La condition sera satisfaite si les quantités entre crochets sont toutes les
deux positives ou toutes les deux négatives, Mais la condition (4b) impose gque

les deux crochets soient positifs, Le domaine de positiviié est donc défini par

x+4)2 + (v+B)? + (z+C)° < (“/1; + D)2 (82)

(x-a)2 + (v-B)? + (z-0)% < ([- D)’ (8b)

On vérifie facilement que la transformation
A —» -A B -» -B C = -C D w2 -D
laisse invariantes les expressions (8) et que par conséquent le trois-plan des
pafar‘nétres impairs nuls : A=B=C=D=0 est plan de symétrie du domaine
a sept dimensions. Le contour apparent du domaine sur ce plan est confondu avec
son intersection par ce plan, et le domaine de positivité des parameétres pairs
s'écrit
2 2 2 i (9a)

X" +Y + Z <—3-

qui est bien 1'équation de la sphére de la Fig. 3.1 .
Le trois-plan X =Y = Z = D = 0 est un autre plan de symétrie du domaine
a sept dimensions. Le contour apparent du domaine sur ce plan s'écrit

al+p82ic? < -% (9b)

c'est le domaine de positivité des trois parameétres impairs A,B,C.
Enfin, la droite A=B=C=X=Y = Z = C est aussi un axe de symétrie.

Le domaine de positivité du quatriéme paraméire impair D est donc
‘D( < V1J3 (8c)

Les projections (9a), (9b) et (9¢) sont les spheres (P) et (Q) et le segment

(R) de la Fig.4.1. Une matrice positive est nécessairement représentée par un

point & l'intérieur de chacun de ces domaines mais ce n'est pas une condition
suffisante . Les conditions suffisantes de positivité sont données par les inéga-

lités (8) qui peuvent &tre représentées comme des conditions sur la longueur
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de la somme et de la différence de deux vecteurs comme cela est discuté dans
le paragraphe 4.3. Pour tout point dans (Q) et (R) on peut trouver un point dans
(P) qui satisfasse les relations (8). C'est-a-dire que la projection du domaine
de po‘sitivité sur l'espace des quatre paramétres impairs est une portion d'un

hypercylindre droit de base sphérique (R} et de hauteur (R).

3 - Particule de spin 2 .

La polarisation d'une particule de spin 2 produite dans une réaction
B-symétrique est décrite par douze parameéetres. Nous nous intéressons uni'que-
ment aux huit parametres de polarisation paire mesurables par la distribution
angulaire de désintégration en deux corps. L'hyper-plan de polarisation paire
étant un plan de symétrie du domaine a douze dimensions on obtient le domaine
de positivité des parameétres pairs en annulant les parameétres impairs, Nous
pourrions utiliser comme dans les cas précédents les huit parameétres r(i&)de
transversité (L. et M pairs) mais les formules deviendraient trop compliquées.,
Nous préférons utiliser directement les éléments de matrice densité convena-

blement normalisés. IL.a matrice densité en damier, paire, peut &ire écrite de

la fagon suivante

1HE a, V5(e-if) Vi0(g-ih)
1+8 a, YVI0(c-id)
5 | VBletin 1-74(a, +a)) V8 (e-if) (10)
\;’i’i‘}"(cﬁd) t+/8 2
VI0(g+ih) V5(e+if) 146 a,

La relation entre les parametres a1 s az ,¢,d,e, f,g,h et les paramétres
{
(L)

multipolaires r M

est donnée dans la Table 5, 3. Les paramétres a et a, de la
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matrice (10} sont normalisés mais ils ne sont pas orthogonaux. Si on introduit

les paramétires b, ou b, par les formules

1 2
.2 V5 s
az = -3d1- 3b1 (113.;
2 VER
a, = -3a,-°30, (11b)
on vérifie, en calculant la quantité (t")p)z , Eq.(3), que les huit parameétres
a1 , bl ,C,...,h, oules huit parametres 3.2 . b2 ,C,...,h, forment deux

ensembles de paramétres orthonormalisés. Cependant, 4 cause de la forme
géométrique du domaine de positivité nous préférons employer les parametres
a, et a, en gardant en mémoire que ces parametres sont normalisés, mais gue

1 2
d'aprés (11a) et (11b) ils forment un angle

X = arc cos% ¥ 489

La matrice (10) peut étre diagonalisée en deux bloes, 1'un 2x2 (corres-
pondant aux éléments d'indices pairs), l'autre 3 x3 (correspondant aux éléments
d'indices impairs), chaque bloc étant symétrique par rapport & la deuxiéme
diagonale. Lie déterminant se faciorise en deux expressions, l'une du deuxiéme
degré, lfautre du troisiéme degré, Selon (4a) les deux expressions doivent avoir

le mé&me signe et selon (4b) ce signe commun est + . Le domaine de positiviié

est donc défini par

(1 +V'3'a1)2

2 2 “
10 - (c"+d)y >0 (12a)

1

(1+V€ ) 5
[ 32 - (g +h2)J \1+V'a e"+?)+\ffbg(e2~12)42\fi'6hef>o (12b)

[ -\f-i(a +a )}

La condition (12a) est satisfaite & 1'intérieur de deux demi-cbnes discon-

nexes de sommet a1 = - —é- . La condition (4b) précise qu'il ne faut retenir que
le demi-cOne ouvert vers a, > 0 qui contient P, et fixe donc la borne inférieure
d :
e a, /T
> L -
a, JE (12c)

Liexpression (12b) est plus compliquée mais on observe qu'elle est inva-
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riante pour la transformation

e ~» -2 . S
Le plan e = f = 0 estun plan de symétrie du domaine, et le contour apparent
du domaine sur ce plan est égal a son intersection par ce plan. L'expression
qui définit ce contour apparent se factorise et, en utilisant de nouveau la condi-
tion (4b), le domaine est défini paxr :

1-v‘§74(a1+a2) > 0 (12d)

2
(1+VE a,)
10

La condiﬁon (12e) est de la méme forme que la condition (12a). Elle

- (gZ+n%)> 0 (12¢)

définit un demi-cdne et une borne inférieure pour a, :

i
> . /_.. ’
29 N6 (12£)

Les conditions (12c, d, ) définissent le domaine convexe des parameires

a_ et a clest un triangle, Les conditions (12f,c) déterminent les bases des

tx}oncs je cbne définis par les conditions (12a, e).

Enfin pour fixer la limite des parametres e et quand les autres para-
métres sont donnés 2 l'intérieur de leur domaine de positivité, il suffit dfutili-
ger la condition {(12b). On obtient une ellipse dont il est facile de déterminer

les axes principaux.

L'ensemble de ces résultats, concernant le domaine de polarisation des
huit paramétres pairs d'une particule de spin 2, est rassemblé dans la

Table 5.3, et dans la Fig. 5. 1.



