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Abstract :

We treat here the case of all irreps (irreducible representations) on the reals
of the 32 point groups. For each point group these irreps are irreps with wave vec-
tor k = 0 of the corresponding space groups. Landau model of second order phase
transition can be applied to those irreps with no third degree invariants : one has
to look for minima of a bounded below fourth degree polynomial which is not minimum
at the origin, and determine the little groups (= isotropy groups) of these minima ;
they are the subgroups into which the symmetry can be broken in the transition. By
an efficient strategy we reduce the study of the 153 equivalence classes of irreps
to few cases (6). Moreover we do not need to study the minima of invariant polynomials,

we simply apply Morse theory to find the possible little groups of minima.
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Landau theory [1] [2] of second order phase tramsitions in a crystal with space
group G , yields a prediction for the symmetry breaking which occurs. It is given
by the subgroup H (given up to a conjugation in G ), little group of a minimum
of a "Landau polynomial" defined on the space of a real irrep (= irreducible repre-
sentation) of G with finite image. We call here "Landau polynomial" a G-invariant
polynomial which has only second and fourth degree terms, is bounded below and has
a maximum at the origin. We do not consider the Lifschitz condition [2,3]. A general

strategy for the determination of these subgroups H could be the following.

a) List for the 230 space groups all real non-equivalent irreps with finite image,

giving also their kernels and their images.

b) These irreducible images are finite subgroups of O0(m), the orthogonal group in

m dimensions, with 1 <m <12 . Classify them up to a conjugation in O(m)

c) For each class of images compute the number of linearly independent invariant
homogeneous polynomials of degree three and four. For the active representations,
i.e. for those without 3rd degree invariants, determine a basis for the quartic

invariants.

d) Consider all possible Landau polynomials and find the little groups of their mi-

nima.

In a) and c¢) we shall use the simplified approach (z—equivalence technique)

proposed in [47.

As an illustration of this strategy we study here all irreps of the point groups.
They correspond to irreps of the space groups with wave vector k = 0 . Since the
kernel of an irrep is contained in all subgroups H of symmetry breaking, the cor-
responding phase transitions have no change of translational symmetry. Although the
results of this paper surely exist scattered in the literature, we think that the
method used here to obtain them is new and powerful. The answer to a) is contained
in table 1 : 32 points groups, their 153 equivalence classes of irreps, the corres-
ponding images and kermels. In table 1 the symbols of irreps are the same as in
[5] § 11. The answer to b) is very simple and well known. Indeed,the two real one
dimensional irreps are 17 (trivial one that we omit in table 1) and 1 (two
elements) ; the only finite subgroups of 0(2) which occur as images of two dimen-
sional irreps are Cn and Cnv with n = 3,4,6 . The only finite subgroupsof
0(3) with irreducible vector representation are T , Ty T, -, 0,0 ,Y, Y
but the last two cannot appear as homomorphic imagesof space groups. Total
24645 = 13 classes of imageS,The answer to c) is given in table 2. Only 1+4+3 = 8
active images. Moreover the three 3-dimensional ones have the same Landau polynomials

and form only one case from our point of view.

Invariant polynomials of vector representations of point groups are known [6].

However, to answer d) we do not need explicitly the Landau polynomials and we avoid
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the computation of their minima. Instead, we decompose the active irrep spaces into
orbits and strata (see section 3 | this decomposition depends only on the image)
using a systematic geometrical approach ; we then select the possible orbits of

minima by application of Morse theory.

Table 4 gives the little groups of the active images and Table 5 contains all
our results, listing the point groups H , subgroups of the point groups G ,
respected by the symmetry breaking, for the 103 active irreps of the point groups
G

These little groups H , as rightly pointed out by J.L. Birman [77, [8] are
subduced subgroups for the irreps but we do not study here a strategy which could
be based on J.L. Birman's criteria ; those are not completly equivalent to minimi-
zation of Landau polynomial. However we think they could be used for dévising a bet-

ter strategy for points c) and d). We begun this study with Professor J.L. Birman.

I. Images of the real irreps of point groups.

Let G be a finite group.

1.) All irreducible linear representations of G on a complex vector space are
equivalent to a unitary irrep ; such an irrep might be equivalent to a real repre-
sentation and therefore to be an orthogonal irrep ; if the complex irrep g —> Alg)
is not equivalent to a real representation, then D(g) = Ag) @'Z?gT is ; moreover
it is irreducible on the real number field. For each real irrep we denote by &

the real carrier space, by (x,y) the unique, up to a factor, invariant non dege-
nerate orthogonal scalar product, and by g —> D(g) the orthogonal representa-
tion : D(g)T = D(g_l)

2.) The set of distinct matrices D(g) of an irrep is called the image of the
irrep ; it forms a group Q , isomorphic to the quotient G/K where K is the

kernel of the irrep, i.e. the set of g € G such that D(g) =1

3.) Given an orthogonal representation of G on & , one should consider
i) the orbits : x,y € € are on the same orbit <=2 I (there exists) g € G ,

y = D{(g)x

ii) the little group = isotropy group = stabilizer GX of each point x

it is the set of elements of G such that D(g)x = x . Points of the same orbits
have conjugated little groups GD(g)X = gGXg_1 . Orbits which have conjugated
little groups are of the same type and conversely. A stratum is the union of all

orbits of the same type. We denote by T the set of conjugation classes of subgroups
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of G . It carries a partial order by inclusion, up to a conjugation, of the sub-
groups of G , and each possible orbit or stratum is labelled by an element of G
4.) Theorem : For every orthogonal representation of G on &€ , there is a

minimal little group € G ; it is the kernel K of the representation and the cor-

responding stratum is open dense.

Proof : K = is the kernel of the representation ; let e8 be the

N
XEE Gx
eigen-subspace of D(g) for the eigen-value 1 ; when g ¢ K, it is a strict closed
subspace of €& . The union of this finite number of strict subspaces is closed and
its complement is dense ; this is just the stratum of K . We call it the "generic"

stratum.

5.) If g —>D(g) 1is an irrep of G and o is an automorphism of G (i.e.
a € Aut G) then g —=>D(a(g)) 1is an irrep of G . It is equivalent to D(g)
if o 1is an inner automorphism (g € In Aut G) i.e. afg) = a g al with a € G ;
hence there is an action of Out G = Aut G/In Aut G on G the set of equivalence
(~) classes of irreps of G . Two non equivalent irreps on the same orbit of

Out G are said to be quasi~equivalent {(x)

6.) The carrier spaces € and &' of two equivalent irreps have the same com-
position into strata and orbits of given types. If the two irreps are only quasi-
equivalent, there is a bijective map (i.e. on to one onto) between the strata and

the orbits of € and &' respectively. The corresponding orbits have the same number
of points but they might be not of the same type because their little groups might

be not conjugated.

7.) Kernels and images of all the real irreps of point groups are listed in
table 1 , where the irreps are denoted in the same way as in [5] § 11. (See also

Appendix).
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Table 1. - Kernels and images of the irreps of point groups.
G Kee[Jmj & |3 Ker & TJ’Y“ Kar|
C, ' Cy Dyl B, D’z D,, 1 E Con
GGIR |« - E |e E G
Cs s Sult” |Cur | B |G Dy | ) G
G, G| G &1 [Cov Ay Gs
¢ Cs E’z Cév Ay D,
816 C, E |¢ e’ ¢
G Se Dy By |Sy E T
¢ Canl By D, |17 |Dyy, | A D,
56 G 3 Can B, C;v H: D,
G G E ¢ A G
¢ Cy| Co D6 |82 Dy B, o
Ca| TG G A5 |G 8 T
G D, A, 1Dy Bl D,
¢ Con E, 1C, B, ¢
D, Ca Cav Eal¢ 3
¢, Oult 116 | By 1 E” 0
G C s (Celt %, | B \
Con T |G & Ry Ca iy T
¢ c, E, G i Dy,
S G Ey ¢ A D,
G ¢ Gy |2y, | Ry Dy A C
) C, A o ¢
o D, Ay oy Ay | G

G=point group,
B, .=B.®B,
1]

lSJ

Ir=irrep, Ker=kernel, Im=image.
5 =pf@Bt, dim A=dim B=1, dim E=2, dim F=3 ;
B 17={1,-1}
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II. Tnvariant polynomigl§of the real irreps of the point groups.

The representation g —>D(g) of G on €& defines an action of G on the

real valued polynomials on & .(See [6] for the results in sections 8 and 9).

8.) A polynomial p(x) on & 1is G-invariant if for all g € G and all x ¢ &
p(D(g)x) = p(x) . (1D

Sums and products of invariant polynomials are again invariant polynomials so the
. . . . G . . .
set of G-invariant polynomial on & form a ring ¥  which is a subring of the

ring ¥ of polynomialson &

9.) An integrity basis of MG is a minimal set of homogeneous polynomials
which generate it. Such a basis contains at least m = dim £ algebraically indepen-
dent polynomials. It contains exactly m polynomials iff (=if and only if) the
real representation D(g) 1is generated by reflections, i.e. by matrices with all

eigen-values 1 except one which is -1 (ref.[9]). There is some ambiguity in the

choice of the polynomials 91 s 62 s Sm of the integrity basis, but their de-
grees dk are well defined ; we need here only to know that they satisfy the re-
lations

Tea1 4 = 16 Tpep 4 = 0+ 16 ;
where |Gl is the number of elements of G and |G1| is the number of reflections.
Of course for the m dimensional irrep, 61 = Z:=1 xi is the lowest degree polyno-
mial of the basis. Finally, every polynomial of ¥C is of the form P(el,ez,...,em)

where P 1is an arbitrary polynomial of m wvariables.

Among the list of Table 1, the following images are generated by reflections

- . (2)
L C3V ? C4v ’ C6v ’ Td > Oh

All other irrep images are invariant subgroup of index 2 of one of the image

of the preceeding list, explicitly : Cn < Cnv , T<T , 0<0

d h

Consider ap image D(G) generated by reflections that we denote

by L let 1a(x) = O’ the linear homogeneous equation of the hyperplane of the
reflection ra . If H is a subgroup of G such that the restriction of D to H
has an image D(H) which is subgroup of index 2 of the image D(G) , then one proves

that MH is a two-dimensional module on MG i.e. every H~invariant polynomial is of

the form
P(61’92""’9m) + w(X)Q(el,Sz,...,en) (3)
where P and Q are arbitrary G-invariant polynomials and

olx) = Tgh(c)ﬁa(x) and ¢? e (4)
rg ¢ D(H)
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Similarly to the table of reference [6], we give here in Table 2 the integrity basis
of the ring of invariant polynomials for the real irreps of the point groups (see

section 7).

Table 2 : Integrity basis of the ring of invariant polynomials for images of the

real irreps of points groups

number of
linearly

Imagel 8, % 8 P tvariancs |
of
Bri 4thdeg.

17 xi 0o |1

C3 x§+x§ xl(xi—Sxi) x2(3xi—x§) 2 1

C, xi+x§ xixg xlxz(xi—xi) 0 1

Cq xi+x§ x§-15x§x§+15xixg—xg x1x2(3xi—§)(xi—3x§) 0 1

Cay xi+x§ % (xi—Bx%) 1 1

C4v x§+x§ xixg 0 2

C6V xi+x§ xi—15x§x§+15xixg—xg 0 1

T xi+x§+x§ x§+xg+x§ X X)X, (xi-xg)(xg—xg)(xg—xi 1 2

T, xi+x§+x§ x?+xg+x§ xixgxg (xi—xi)(xg—xﬁ)(xg—xi 0 2

Td xi+x§+x§ x?+x;+xg X1X2x3 1 2

0 xi+x§+x§ X?+X3+X§ xixixg xlx2x3(xi-x§)(Xg—xg)(xg—xi)o 2

0h xi+x§+x§ x?+xg+xg xixgxg 0 2

The explicit from of 62,93,® depends on the choice of coordinateg for the represen-
tation (e.g. change x; into x, and x, into —xl) . There is also some arbitra-
rinesszin 92 and some times 93) e.g. when degree 62 = 4 , one can replace 92
by ael + Bez ; but the degree of the §'s are fixed. The most general invariant

polynomial is P(el,92,63) + mQ(el,ez,e3) (see section 9).

Remarks : In ref.[2] (footnote near the end of § 138) the conjecture is made that
there can never be more than one third degree invariant for real irreps of space
groups. As this table shows for C3 , this conjecture is wrong. It is true for

complex irreps as shown in [10].
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10.) We can five the stratum decomposition of each irrep. As we noted in section
6, this decomposition depends only on the image of the representation. We note that
the irreps of table 2 are faithful representations of some point groups for a real

irreducible component of their vector representation :

1 ¢y C, c6 Cay Cav Cov T Ty Tq O O . (3

For the same irrep image and different groups, the little group of each stra-
tum depends only on the kernel of the representation.

11.) All irreps of (5) have at least two strata : the origin, O , which is the
only fixed point, and the generic stratum (see &4 ) which is open dense and whose

little group is trivial.
The irreps 1_303’C4’C6 , have no other strata.

The irreps Cnv , n=3,4,6 have another stratum, the reflectuon planes, and

the corresponding little group is Zz(ra) , the two element group generated by the

corresponding reflexion. Note also that the two invariant polynomials 91 and 62
satisfy :
2 3 2 2 6
by 62 < 61 VA 462 < 61 s A6 : 92 < 61 (6)
(for A4 if we had chosen 92 = xf -6 xixg + xg ;5 we would have also more general-
. _ . n 2 n _ 2, 2:n . .
ly chosen for An : 92 = Re(x1+1x2) , then 92 < 61 = (x1+x2) ). The equality in
(6), together with 61 >0 , defines this exceptional stratum of little group
Zz(r)

There is a general method for the decomposition into strata and orbits of a
representation generated by reflections ; as an example we work it out explicitly for
FI , the vector representation of Oh . This is the symmetry group of the cube
(centereéd at the origin with edges parallele to the coordinate axes) and the octahe-
dron (whose vertices are at the center of the faces of the cube). The group 0h is
generated by the nine reflections through the symmetry planes of the cube ; they
fall into two families : 3 symmetry planes, each containing 4 middles (m) of edges
and 4 centers (n) of faces - 6 symmetry planes, each passing through 4 vertices (r)
and 2 (center of face) and containing two edges - , these two types of symmetry
planes correspond to two conjugate classes for the 9 reflections Ty generating Oh .
These 9 symmetry planes divide the 3 dimensional space € into 48 triangular cones,
each one of them can be considered as an orbit space. The interior of these cones is

the generic stratum ; the decomposition of the cones into their geometric elements

correspond to the stratum decomposition which is given in details in Table 3 .
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Table 3 : Decomposition into strata and orbits of FI , the vector representation of Oh.
. 3 2k . _ _ _ 2 2 2 2 2 2
Notation §, = Zi=1 Xy k=1,2,3, 8=% % X3, a-= (XI_XZ)(XZ_X3)(X3_X1)
2 _ 3 2 _ 2 3 3 2,2 4 6
then 68" = 91-36162 + 293 , 6o = —1883 + 36836291 - 86361 + 362— 216291 + 98261-91

Let n ,r, m be respectively a center of face, a vertex and a middle of edge in the
same face of the cube -1 < x5 <1 . The triangular cone C whose edges are the
half lines containing On, Or,Om and faces Onr, Onm is an orbit space : it cuts

each O, orbit in one point.

h
equation, description of stratum. nb of points in 1little group
each orbit
2 inside of the cone C, symmetry
a>08 >0 generic stratum 48 {1} plane
=0 BZ >0 inside of face Onr 24 c Onr
of C s
a>08=0 inside of face Onm 24 c' Onm
of C s
L n-fold axig
3_ _ inside of edge Om
91—29162—493 >0 of C 12 sz om
3_ _ inside of edge Or
8;=3818,=96; >0 ¢ ¢ 8 €3¢ or
3_ _ inside of edge On
817019,705 > 0 of C 6 Cl on
vertex of cone C
8 =8, =83=0 (origin) ! O
It is easy to study now the index two subgroups O , Th s TCl ; similar study
can be carried for Td , generated by reflexions and its index two subgroup T
(T is the symmetry group of the tetrahadron whose vertices are four vertices

of the cube). All these results, and those obtained in section 11 are summarized

in Table 4.
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For each stratum we give its dimension, its little group, the number of points of

each orbit. The origin is omitted as a stratum.

Note that for C
2n,

3

3

denote arbitrarily by Zz(ra) and

reflexion of each family .For the notation Cé s Cn

Zz(r;)

generic
Image dim stratum
1 1 1 {1} 2
Cy 2 2 {13} 3
¢, 2 2 {1} 4
Co 2 2 {1} 6
C,, 2 Lz,(r3 )12 {1} 6
1 1
<, 2 1 zz(ra) 411 Zz(ra)4 2 {1} s
1
Ce, 2 . 1 Z,(r)) 611 2,(r 0612 {1} 12
T 3 1C,611Cy 4 3 {1} 12
r m c. 12
T, 3 1¢,6 |1 C% 8 l1c, 12 2 € 3 {11 24
t
T, 3 16,6 (1 c%v 4 i} 2 ¢y 12 3 {1} 24
0 3 1¢, 6|1 c% 8 |1 crzn 12 3 {1} 24
0, 3 1¢, 6[1C 8 |1Cy 12 |2.¢! 24 2 C, 243 {1} 48
the 2n reflections are in two conjugated classes. We

the 2 element group generated by one

r

>

m

C
n

s

C
nv

b

m
, C
nv

see appendix.
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III. Symmetry breaking predicted by Landau model of second order phase transitions

in the irreps k = O of the crystallographic groups.

Landau theory of second order phase transitions is explained in chapter XIV
of Landau and Lifschitz book on Statistical Mechanics, [2] . Although the Landau
theory does not give the good critical exponents (for that it has to be quantized
and reinterpreted), it seems that it predicts the good selection rules for the

symmetry breaking which occurs in the transition

In order to exclude first order phase tramnsitions, the considered irrep must
have no third degree invariants. According to table 2, this excludes the irreps
whose image is C3’C3V’T’Td . The others will be called active irreps ; their list
is

Images of active irreps : 1—’C4’C6’C4v’c6v’Th’O’0h . 7
Then we have to find the minima of a G-invariant fourth degree polynomial Pwhich for
]x' > ® goes to 4 and is not minimum at the origin. Since the gradient dP/dx
has to be G invariant at x = 0 , dP/dx(0) = O the origin is an extremum ; more-
over, at the origin the Hessian dZP/dx2 is invariant by the irrep of G : it has
to be a multiple of the operator I and therefore P has a maximum at O . Hence
P must have at least a G-orbit of minima at x # O and [xl < o , The little group
H of such an orbit gives the symmetry breaking from G to H . Working first with
the image of the irrep we will determine the nature of the orbit (or orbits) of
minima without writing explicitly the possible P's and differentiating them. We

study successively each image of the list (7).

Images 1—04’C6 . Outside the origin they have only one stratum, the generic one ;

so any orbit of minima is in the generic stratum and H = {1}

For the other irreps we will apply Morse theory ; let us recall here the main

results.

12.) A smooth function f on a compact m dimensional manifold M is called
a Morse function if for each of its extrema the Hessian is not degenerate (its de-

terminant is # O ). The number k of negative eigenvalues of the Hessian is called

the Morse index of the extremum (there are m-k positive eigen values). Let Ck

be the number of extrema of f with Morse index k (cO is the number of minima,

S that of maxima). The ¢ satisfy the Morse relations

k
n<m, Z£=1(—1)n-k6k 2.Z§=1(—1)n_kbk , equality for n=m , (8)
bk is the kth Betti number

For instance if M is the m dimensional sphere Sm,bO = bm =1 and bn =0

otherwise.
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13.) If we compactify the space &€ by adding the point o at infinity the
G-invariant polynomial P is then a smooth function on Sm (m = dim € ) with at
least two maxima, one at O , one at o and more than one minimum (see table 4) ,

SO

922 o, ¢ >2 . (9)
When the irrep has at least two linearly independent homogeneous fourth degree in-

variants (6% is one of them), in a dense subset of the domain of its coefficients
P is a Morse function. (See Appendix in [11]). In that case (dP/dx)=0 1is a system

of m polynomial equations of the third degree with a set of roots of dimension

. m . .
zero ; the number of real roots is at most 3 and if we count the point «

CotC 4. Fe <3" 41 . (10)
1 m -

Image C4v . The Morse relations give for m= 2 :

co 2t >-1+c c . -c, +c, =2 (11)

€1 o’ o 17T 2
with equation (10) for m = 2 they imply

¢+ (c2—2) =c, <4 . (12)

0 1
With (9) this excludes the 8 point orbits of the generic stratum ; and with the

use of table 4, we find a unique solution for C
e =4 , co=4 , c =2 : (13)

This proves that, except for exceptional polynomials, the minima of the possible

P's are on a four point orbit with little group Cs = ZZ(ra)

Image C6v' The only fourth degree homogeneous invariant is ei = (xi +.x§)2 so any
fourth degree inhomogeneous invariant polynomial P 1is also invariant under the
orthogonal group O (2) , whose orbits are the spheres centered at the origin. As
explained in [2], footnote after equation 136.7 , one must consider the sixth degree
invariant polynomials : they are Morse functions and (9) , (11) apply while (10) is

changed into

2
G eyt < 57 +1 =26 (14)
el
G+ €2 = ¢ <12 . s5)

This no longer implies that there are no minima of P in the generic stratum. In
this rather exceptional case we have to verify it by a direct computation. Indeed,

in polar coordinates p,w

6 4
p=X O+ acos 6w+ e S . 16)
Then %% = —P6a sin 6w = O requires

w = kr/6 with 0 <k <12,k integer . a7n”n
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These values of (w are the azimuths of the reflection planes ; however the 6 reflec-
tions of C6V form two conjugated classes (k even and k odd), so the extrema
of P occur by pair of six point orbits (2 points of the same orbit in each refle-

xion planes). The extrema of P satisfy

= = = =C = :
£ 6 + 6 G < 2 H s zz(ra) . (18)

Image 0h . In general P is a Morse function with the number of extrema satisfying

the Morse relations

CO >1 c3 - c2 = cO - Ql <1 c3 +~c1 = c0 + qz (19)
With (9) and (10) for m = 3 we obtain :
€922, 21,¢,>21,¢3>2 cygtey =cyHc, <14 (20)

This excludes the orbits of 24 or 48 points ; since the smallestorbit has at least

six points, c, > 6 , < >6, ¢y > 6 and the only solutions are

[¢]
% = 6 , c1 =12 , ¢y

CO=8’C1=12’C2=6’C3=2 H=C3V (22)

Images T,,0.From table 2 we see that their fourth degree invariant polynomials P

=8, ey = 2 H= Chv (21)

are the same that for the irrep Oh . So P is in fact invariant under a larger
group than that of the image of the irrep ; when P is a Morse function this group
is 0O . So the Ck are again given by (21),(22); then according to table 4, for these
two irreps, each type of extrema constitute one orbit of respectively 6, 8, 12
points and the little groups of the minima are, instead of (21), (22)

=6 T{H=czv o [E=C 23)

c =8 h|H = C3 H = 03

Thus we have determined the possible orbits of minima. Each of them is charac-

terized by a little group (up to a conjugation), subgroup of the image D(G)
When the irrep is not faithful, the inverse image in G of this subgroup is the
subgroup H into which the symmetry is broken. In table 5 we list all
active irreps of the point groups and the possible subgroups H of symmetry

breaking.
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Table 5.- Active irreps of point groups G and subgroups H of residual symmetry
in second order phase transitions.

GgHe%HegHG;:“:H&%He%H
ZlC P e | P o] Patle G Pl D) (TR (S
Celife 5| Al 5 PG || Kl G
;g’c;lea ¢ ? A7lCa] | Du (B |G, B Cav Gl |O1R|T
é Gl A7 G 50 E"lcy B 1D E—i H:IB;A B 1G]
S| B¢, X By | Dy cd 2‘) i Dy <
Bl 168G EG] [Svf |Gy %‘ E; Dy | qL A
olfATlG Bya ¢ o A, |Cef 3 Cy Ba T,
Bl leu| A, | Cy =2 Dunl D4 iG] | (Eay| |
sl | ey [l | (5L aldl el
D, |Ry|C, B, |c, § i Cay E; <. 7 |G D,
B |G E |k B D) 5G| |Ce o FlCy
o |Bld)y S Emd| s [T AT S
% Do Do | 3| Su|Be |G 8% [ Ry |Con B0/ F ]
HIB AR 5, BlC 5] (FIC Gy
o 1 [2h | 23 2 |24, 13] 2 1<) el
Sl 1Ak i [Cy E' |G BalCi)” G Pl
5: Con By |Can Ca B Cs | 1 Ta [T D
B, (G By | Sy Elcy| [0 |y 2 vertical | (0,0,4)
B G Bﬁﬁ C; Cor By |Cg [Points| ™ (4.4, 0)
By |CZ, Baaf s | o ol 1Co A, v | (44)
AR AN E |G | ™ [P mes
g D | |G By |0 é % Hy|Cs Cz D, + Cav \D'Q&
£ 15| R |Cs B G b e | Ralti D] 2 DXl o
<] Bar pul D XDl
Szeaz;;xéidiir.eps for C;,C,,T . For details of notation D3 >_K‘Cs">v, ;h;[)si
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APPENDIX.

We use Schinflies notations for the point groups : note some variations in the
literature : Ci for SZ’C3i for 56, CS instead of C1h . The explicit form of in-
variants (e.g. table 2) depends on the positiom of the rotation axes and symmetry
planes of these groups. They are fixed here according to the following rules. The or-
thonormal coordinates are KysXgsXg o The implementation of the cubic groups is given
in table 3 by a cube -1 < x, <1 of center 0(0,0,0) ; r(1,1,1) is one of its ver-
tices and m(1,1,0) is the middle of an edge. For the Cn’Dn groups and those of the

same family : Cnh’cn 58 Dnh’Dnd , the n-fold rotation axis is the vertical axis

v’ 2n’
Ox3 .Let ¥ and X' be a set of n straight lines through O in the horizontal
plane x,.,x, , whose azimuths are respectively 2nk/n for I, Zﬁ(% + %) for X'

with 0<k<n . Then I 1is the set of the n two fold axes of the D groups ;
. . . . '
the vertical symmetry planes of Cnv’an contain Y while those of Dnd contain ¥'.
In table 5 the subgroups H into which the symmetry G is broken are defined
up to a conjugation by G . To precise the position of one of them, we indicate the
direction of the n-fold axis by an upper index x,y,m,r for Oxl,Oxz,Om,Or when it is

not Ox3 . We also put a ! when the role of § and %' are exchanged.



