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Abstract:  Applying our geometr ica l  fo rmal i sm,  we make a general  study of angular 
momentum and parity conservation in the most frequent two body strong decays, 
in order  to propose new tests for the determination of the spin of the decaying 
part icle.  

I. INTRODUCTION 

D e t e r m i n a t i o n  of sp in  v a l u e  can  be  p a r t i a l l y  b a s e d  onany  g e n e r a l  
p h y s i c a l  p r i n c i p l e  *, e s t a b l i s h e d  l a w * *  or  p r o p o s e d  m o d e l * * * .  H o w e v e r  i t  
u l t i m a t e l y  r e l i e s  upon the  c o n s e r v a t i o n  of a n g u l a r  m o m e n t u m .  In th i s  p a p e r  
we p r e s e n t  s o m e  new c o n s i d e r a t i o n s  on r i g o r o u s  sp in  t e s t s  b a s e d  only on 
a n g u l a r  m o m e n t u m  and p a r i t y  c o n s e r v a t i o n .  

T h e  e f f i c i e n c y  of sp in  t e s t s  depends  on many  f a c t o r s .  It m a y  happen  that  
one can  u n a m b i g u o u s l y  d e t e r m i n e  a sp in  f r o m  one p a r t i c u l a r  e x p e r i m e n t ,  
o r  f r o m  a s m a l l  f r a c t i o n  of  the known e x p e r i m e n t a l  data .  If t h i s  is  not the 

* The principle of detailed balancing assumes time r eve r sa l  iavariance. The two 
reactions ~'+d+~ -- p+p+ helped to determine the ~+ meson spin: xef. [3l. Isoparity 
conservation is useful to eliminate spin values of a new non-strange meson 
resonance M of isospin t: ex. M --~ 2?r, j+  t is even : ref. [4]. 

** Brehmsstrahlung and pair  production cross sections increase rapidly with spin 
j : ref. [5] established for the cosmic ray t2-particle j ~< ½. 

*** As an example of study of spin determination based on the quark model, see 
ref. [6]. 
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case ,  one wants  to know how to use  the  full data ,  without  l o s s  of i n f o r m a -  
t ion,  f o r  the spin de t e rmina t ion .  

In a p r e v i o u s  work  (ref .  [1]) we impl ic i t ly  so lved  this  p r o b l e m .  Indeed 
we explain t h e r e  how to c o n s t r u c t  the domain  ~ j  of p o l a r i z a t i o n  dens i ty  
m a t r i c e s  which can be o b s e r v e d  in a g iven kind of e x p e r i m e n t s ,  when one 
a s s u m e s  a value  j f o r  the spin; and we expl ic i t ly  c o n s t r u c t  doma ins  ~ j  fo r  
j ~: ~. Angu la r  m o m e n t u m  and p a r i t y  c o n s e r v a t i o n  can only exclude the 
c o n j e c t u r e d  va lues  of j ,  fo r  which the r e p r e s e n t a t i v e  point  of the e x p e r i m e n -  
tal  da ta  is outs ide  ~ j .  

H e r e  we apply our  ge ne ra l  method  expl ic i t ly  to the p r o b l e m  of spin 
d e t e r m i n a t i o n  f r o m  angu la r  d i s t r ibu t ion  m e a s u r e m e n t s .  Without  any a s -  
sumpt ion  on the j value,  the r e s u l t  of the e x p e r i m e n t  is d e s c r i b e d  by a point  
in a space  ~ in which the dom a i ns  ~)j  can a l so  be r e p r e s e n t e d  fo r  all  j 
va lues  (and even f o r  the l imi t  j ~ ~).  As we will see ,  in the c o n c r e t e  ex-  
a m p l e s  we study,  t h e r e  a r e  r eg ions  of ~ c o m m o n  to all :~ j  and o the r  r e -  
g ions  conta ined  only in one, o r  v e r y  few, Oj .  If the e x p e r i m e n t a l  point  
fa l l s  in one of the f o r m e r  r eg ions ,  the e x p e r i m e n t  has  no poten t ia l  use fu l -  
n e s s  f o r  spin de t e rmina t ion .  If it fa l l s  in a r eg ion  of the l a t t e r  case ,  one 
has  a s t r ong  incent ive  to i n c r e a s e  the e_xperimental a c c u r a c y !  

C o n s i d e r  the t h r e e  m o s t  f r equen t  s t r ong  decay  m o d e s :  
(a) the two p a r i t y  c o n s e r v i n g  m e s o n  d e c a y s  of the type:  

j~ ~ 0- + 0- , n e c e s s a r i l y  with na tu ra l  pa r i t y  77 = (- 1)J , (1) 

j~ -~ 1- +0-  , when the pa r i t y  is na tu ra l ,  7/ = (- 1)J , (1')  

(b) the pa r i t y  c o n s e r v i n g  b a r y o n  decay  of the type:  

j ~ ½  +0-  with any p a r i t y  . (2) 

The  angu la r  d i s t r ibu t ion  of the i r  decay  p r o d u c t s  depends  only on the spin 
and p o l a r i z a t i o n  of the decay ing  p a r t i c l e  and not on the d y n a m i c s  of the 
decay .  It conta ins  only L - e v e n  s p h e r i c a l  h a r m o n i c s  up to L o ~< 2j. 

In sect .  2 we p r e s e n t  a s u m m a r y  of ou r  g e o m e t r i c a l  s tudy of the p o l a r i -  
za t ion  domain  and of the method  to t r a n s l a t e  the data  of an angu l a r  d i s t r i b u -  
t ion  into a point  of the p o l a r  i za t ion  space .  In sect .  3 we give a comple t e  
s tudy of the d e c a y s  (1), (1') and (2) when L o = 2. Sect .  4 con ta ins  a pa r t i a l  
but  p r a c t i c a l  s tudy of the s a m e  d e c a y s  when L o is l a r g e r .  

2. G E N E R A L  FORMALISM 

Th i s  sec t ion  con ta ins  an a b s t r a c t  of s o m e  p a r t s  of refs .  [1, 2]. It 
p r e s e n t s  a g e o m e t r i c a l  d e s c r i p t i o n  of the p o l a r i z a t i o n  of a pa r t i c l e ,  and of 
the r e l a t ion  with the angu la r  d i s t r ibu t ion  of its two-body  d e c a y  p roduc t s .  

2.1. P o l a r i z a t i o n  domain  
2.1.1. We c o n s i d e r  h e r e  the p o l a r i z a t i o n  s t a t e s  of one p~r t i c l e  of m a s s  m > 0  

m2/. and spin j f o r  a given value p of i ts  e n e r g y - m o m e n t u m  E a c h  
p o l a r i z a t i o n  s ta te  is d e s c r i b e d  by a dens i ty  m a t r i x  p, which r e p r e s e n t s  a 
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Hermitean,  t r ace  one, non negative l inear  opera to r  acting on the (2j+ 1)- 
dimensional  Hilbert  space ~ 2 j + l :  

p* = p ,  t r p =  1 , p > / 0  . (3) 

We call ~N+I the r e a l ' v e c t o r  space of all (2j + 1) by (2j + 1) Hermi tean  
ma t r i ce s ,  and ~ N t h e  hyperplane of t r ace  one Hermi tean  mat r ices .  Thei r  
dimension are  respect ive ly  N+ 1 and Nwi th  N =  (2j + 1) 2 -  1. The set of p 
which sat isfy eqs. (3) is a subdomain ~)j of ~N: 

~ j  c ~N ~:- ~ N + I .  (4) 

It is a c o n v e x  d o m a i n ,  called the polar iza t ion domain. 
2.1.2. The vec to r  space ~N+I is a Euclidean space with the natural  sca la r  
product :  

(Pl, P2) = t r  Pl P2 • (5) 

The m e t r i c  (5) on ~N+I induces a Euclidean metr ic  on CN" We choose the 
unpolar ized state, whose density mat r ix  is 

1 
Po = 2 j+~ ~ ' (6) 

as origin for  the vec tor  space E N. States such that 

p2 = p (7) 

are  the pure states.  The degree  of polar iza t ion dp of any state p is p ropor -  
tional to its dis tance to the unpolar ized state Po" As we normal ize  dp to 1 
for  pure states,  it is given by: 

[_2j+ 1 _Poll½ 0 -< % = ( P - P o ,  P -< 1 .  (8) 

There fore  it  is convenient to introduce in ~ N  the metr ic  induced by (5) 
with the normal iza t ion  (8): 

F2j+I  l½ F2 j+I  , ]1 d(Pl' P2) = L - - ~  (Pl - P2, P l -  P2) = L~trwl- P2 )2 ~ • (9) 

2.1.3. Let  us study the rank  of m a t r i c e s  p, i.e., the number  of their non zero  
eigenvalues.  The density mat r ix  of a pure  state is a rank one p ro j ec to r  
whose e igenvector  (defined up to a factor) is the state vector .  The domain 
~)j is the convex hull of the pure  states.  The ma t r i ce s  p of the in ter ior  of 
~ j  have rank n = 2j+ 1. On the boundary,  ~ O~, the ma t r i ce s  have a rank 
k s t r ic t ly  sma l l e r  than n. The dimension of tl~e manifold ~k ~ j  of density 
ma t r i ce s  of rank k is: 

dim akC-D j = 2nk o k 2 -  1 . (10) 

2.1.4. The tittle group of p, i.e. the subgroup of the or thochronous  Loren tz  
group which leaves invariant  the ene rgy -momen tum p, is i somorphic  to 
0(3), the three  dimensional  orthogonal group. So we call its e lements  
"rota t ions"  and "ref lec t ions"  because  they a re  conjugated of genuine 
rotat ions and ref lect ions  by the "boost" which t r a n s f o r m s  the par t ic le  
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f r o m  r e s t  to the veloci ty  p,/E with p = (E, p). Th is  group ac t s  on ~ 2 j + l  by 
the i r reduc ib le  l inear  r ep re sen ta t i on  D(J, U) (j spin, U pari ty)  and, on ~N,  
by the reducible  l inea r  r ep re sen ta t i on  (up to an equivalence) 

@2J=lD(L' +) . (11) 

In the co r respond ing  decomposi t ion  of EN, 

CN 2j E(L) : @L:I  ' (12) 

the (2L + 1) -d imensional  space  ~(L) c a r r i e s  the components  of the 2Lth - 
mult ipole  p(L). Indeed the d i rec t  decompos i t ion  (12) co r r e sponds ,  for  each 
densi ty  ope ra to r  p, to the mult ipole  expansion: 

p =  po + ~ p(L) (13) 
L=I 

2.1.5. The effective polar iza t ion  domain,  ~ j ,  of the densi ty  m a t r i c e s  of a 
spin j pa r t i c l e  that can be actual ly  produced in a given kind of reac t ions ,  may 
be s m a l l e r  than ~ j .  Le t  us cons ider  th ree  examples  of such product ion 
conditions: 

(i) The product ion reac t ion  c o n s e r v e s  par i ty ,  the beam and t a rge t  a r e  
unpolar ized,  and the re  a r e  only th ree  l inear ly  independent obse rved  
e n e r g y - m o m e n t a ;  e.g. quasi  two-body reac t ions  such that  

:r+p ~ K*+~ + , (14) 

7r-p ~ :r-N*- , (15) 

where  K* and N* a r e  resonant  s t a t e s  of unknown spin. The s p a c e - t i m e  
hyperp lane  which contains  the obse rved  e n e r g y - m o m e n t a  is a s y m m e t r y  
plane for  the react ion.  We note B the " re f lec t ion"  through this plane :~. Th is  
ref lec t ion ac ts  on ~ 2 j + l  by D (J, Y)(B) and on CN by a s y m m e t r y  through a 

k -d imens iona l  plane C(B). T h e r e f o r e  the domain (~j of " B - s y m m e t r i c "  
densi ty m a t r i c e s  is the in te rsec t ion  

~(B)  = 4 .  ~'~ ¢:(B). (16) 
3 J 

The d imension  of .:~)~B) is a lso  k: 

k = 2j(j+ 1) f o r j  in teger  , (17) 
1 k = 2j(j+ 1) - ~ f o r j  ha l f - in t ege r  . (17') 

Note that :])(P) is a convex domain,  s ince it is the in te rsec t ion  (16) of two 
J 

convex domains .  (For  m o r e  deta i ls  see refs .  [1, 2], IA3). 
(ii) The product ion reac t ion  is collinear, e.g, fo rward  or  backward  

product ion of p a r t i c l e s  in a two-body reac t ion  with unpolar ized  t a rge t  and 

o 
The vocabulary B-symmetry" is in reference to A. Bohr [7]. 
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beam•  Then  ~ j  i s  the  i n t e r s e c t i o n  Q)(ff) of ~ j  wi th  a M - d i m e n s i o n a l  p l a n e  
(C 

c ( C !  The  d o m a i n  O i ) i s  convex  and has  d i m e n s i o n  k '  : 2 j+  1. 
(ii i)  The  p r o d u c t i 6 n  r e a c t i o n  i m p o s e s  a r e s t r i c t i o n  on the rank of the 

f i na l  p a r t i c l e  d e n s i t y  i h a t r i x .  Indeed  the r a n k  of the  p r o d u c t  of m a t r i c e s  is  
s m a l l e r  than o r  equa l  to the  s m a l l e s t  r a n k  of the  m a t r i c e s  of the  p roduc t .  
Hence  the p o l a r i z a t i o n  d e n s i t y  m a t r i x  of the  f ina l  s t a t e ,  

pf : TO i T *  , (18) 

canno t  have  a l a r g e r  r a n k  than  tha t  of Pi, the  p o l a r i z a t i o n  d e n s i t y  m a t r i x  of 
the  i n i t i a l  s t a t e .  F o r  i n s t a n c e  in r e a c t i o n  (15) the  d e n s i t y  m a t r i x  of the  N* 
has  

r a n k  p(N*) --< 2 . (19) 

Note  a l s o  tha t  the  r a n k  of the  s u m  of m a t r i c e s  cannot  be  l a r g e r  than the 
s u m  of t h e i r  r ank .  So in r e a c t i o n  (14), if the  p o l a r i z a t i o n  of the  ~+ i s  not  
o b s e r v e d  one m u s t  c o m p l e t e  eq. (1 8) by a s u m m a t i o n  o v e r  the  two p o l a r i z a -  
t ion s t a t e s  of the  ~+; then the  r a n k  cond i t ion  f o r  the  d e n s i t y  m a t r i x  of the  
K* b e c o m e s  

r a n k  p(K*) --< 4 , (20) 

which  i s  a c o n s t r a i n t  if the  K* has  sp in  > 1. ( F o r  m o r e  d e t a i l s  s e e  r e f s .  
[1, 2]). 
2 .1 .6 .  Of ten ,  the  d e n s i t y  m a t r i x  canno t  be c o m p l e t e l y  m e a s u r e d .  T h e r e f o r e  
the  observed p o l a r i z a t i o n  d o m a i n  ~ is  the  p r o j e c t i o n  of "~i on the  k - p l a n e  
of m e a s u r a b l e  p a r a m e t e r s .  F o r  i n s t a n c e ,  the a n g u l a r  d i s t r i b u t i o n  of the  
d e c a y  p r o d u c t s  in a p a r i t y  c o n s e r v i n g  t w o - b o d y  d e c a y  c o n t a i n s  only e v e n - L  
s p h e r i c a l  h a r m o n i c s .  In o t h e r  w o r d s ,  th i s  d e c a y  i s  not s e n s i t i v e  to the  
o d d - L  m u l t i p o l e s  p(L) of p. What  is  o b s e r v e d  i s  then the  p r o j e c t i o n  of p on 
the  s u b s p a c e  

(E) : ~ L e v e n  ~ (g) : ~ N "  (21) 

2 .1 .7 .  L e t  us  s tudy  s o m e  symrnetryproper t ies  Of a c o n v e x  d o m a i n  c2) wh ich  
wi l l  a l l ow  us to r e l a t e  the  p r o d u c t i o n  and o b s e r v a t i o n  cond i t i ons  we have  
c o n s i d e r e d .  L e t  P1, P 2 . . .  be p r o j e c t o r s  of ~N,  o r t h o g o n a l  wi th  r e s p e c t  
to the  s c a l a r  p r o d u c t  (9). E a c h  p r o j e c t i o n  Pi ~ of the  convex  d o m a i n  :~) i s  
convex  and i t  c o n t a i n s  the  i n t e r s e c t  ion by Pi~N: 

Pi ~ ~ ( ~ N  Pi ~N ) . (22) 

When  p r o j e c t i o n  and i n t e r s e c t i o n  co 'fncide,  we s a y  tha t  Pi ~N i s  an e q u a t o -  
r i a l  p l ane  of ~ ) .  A s y m m e t r y  p l ane  of (-1) i s  an e q u a t o r i a l  p lane ,  but the  
c o n v e r s e  i s  not a l w a y s  t r u e  ( think of the  e q u a t o r i a l  p l ane  of an egg : ) .  F o r  
i n s t a n c e ,  the d i a g o n a l  m a t r i c e s  f o r m  an e q u a t o r i a l  2 j - p l a n e  of ~) j  which  i s  
not  a s y m m e t r y  p l a n e  When  PiP~ = P~P; the  p l a n e s  P~. ~ r  and P~ ¢~T a r e  

• j - j ~ ~ ~ ~Y  j ~ v  

p e r p e n d i c u l a r  $. The  i n t e r s e c t i o n  of p e r p e n d i c u l a r  e q u a t o r i a l  p l a n e s  is  an 

$ We should have said that the two planes a re 'pe rpend icu la r  or that one is included 
in the other,  but for short  we eall  them perpendicular .  As a special  ease,  the 
planes  P i  *N  and Pj *N are said to be orthogonal  iPj -- -- O. 
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equa to r i a l  plane.  Note that the i n t e r s e c t i o n  of two p e r p e n d i c u l a r  s y m m e t r y  
p lanes  is not in g e n e r a l  a s y m m e t r y  plane. However  if d i  is any plane 
p e r p e n d i c u l a r  to the s y m m e t r y  plane ~S ,  then ~S  and ~S  l/ C i a r e  s y m -  
m e t r y  p lanes  of the i n t e r s e c t i o n ( 3  Pt ~ ;  and of the p ro j ec t i on  Pi(3" 

The planes  ~(E) and ~(B) that  we have in t roduced  a r e  e x a m p l e s  of 
p e r p e n d i c u l a r  s y m m e t r y  planes  of the po la r i za t ion  domain  (3j. So the i r  
i n t e r s e c t i o n  ~(E,  B) is a s y m m e t r y  plane fo r  both subdomains  O .  (E) and 
(3 (B) (E) • (B) J • F u r t h e r m o r e  the s y m m e t r i e s  th rough  C and ~ t r a n s f o r m  any 

.7 " 
m a t r i x  p into a m a t r i x  p of s a m e  rank.  T h e r e f o r e  the rank  of e.g. the 
p ro j ec t ion  PE p is  

t rank PE p = rank  2 (p+p ' )  < 2 rank  p .  (23) 

Fo r  ins t ance  in r e a c t i o n s  (14) and (15), if one o b s e r v e s  only the even p o l a r i -  
za t ion  of the K* and N* ( through the i r  pa r i ty  c o n s e r v i n g  decays )  eqs.  (20) 
and (19) i m p o s e  that  the o b s e r v e d  dens i ty  m a t r i c e s  have a r ank  

rank  p(E)(K*) -<- 8 , (24a) 

rank  p(E)(N*) --< 4 . (24b) 

T h e s e  a r e  cons t r a i n t s  f o r  spin va lues  j(K*) > 3, j(N*) > ~ . 
2.1.8. We p r o v e  in appendix  A.1 ano the r  useful  g e o m e t r i c a l  p r o p e r t y  of (3j ,  
name ly  its i n v a r i a n c e  under  the polar transformation with r e s p e c t  to the 
s p h e r e  S c e n t e r e d  at Po and of r ad ius  

R =  -V~'" 

As a consequence ,  f o r  any plane ~ i  conta in ing Po, the i n t e r s e c t i o n  ~ i  ci (3j 
and the p ro j ec t i on  P~. @~ a r e  po la r  t r a n s f o r m s  of each o the r  with r e s p e c t  to ~ j 

the s p h e r e  S /-, ~ i .  T h e r e f o r e  when ~ i  is an equa to r i a l  plane Ci  N c~j 
= Pi @j is self  t r a n s f o r m e d .  

2.2. Angular distribution domain for two-body decays 
2.2.1. F o r  a two body decay ,  we denote  by 9(0 ,  q~) the n o r m a l i z e d  angu la r  
d i s t r ibu t ion  of one of the d e c a y  p roduc t s .  It is  a rea l ,  n o r m a l i z e d  (i.e. i ts  
i n t eg ra l  is unity), non negat ive  funct ion defined on the unit s p h e r e  ~ of the 
t h r e e - d i m e n s i o n a l  s p a c e  o r thogona l  to p,  the e n e r g y - m o m e n t u m  of the 
decay ing  p a r t i c l e  $" 

~D(O, q~) = 9(0, ~) , (25a) 

+1 2n 
f 9 d ~  -= f f g ( 0 ,  ~p) d c o s 0 d ( p  = 1 , (25b) 

fZ -1 0 

t The coordinates O, (p of ~ give the space directions of the considered decay pro-  
ducts for any rest  frame of the decaying particle. Of course, these coordinates 
can be defined in a covariant way from the energy momenta of the involved 
particles. (cf. ref .[8].)  
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g(O, ~o) >1 0 . (25c) 

We call Qff ' the Hilbert  space of square  integrable functions on a with the 
s c a l a r  product  

( g l ,  g 2 ) : f  ~1 92 d~2. (26) 

We a re  in teres ted in the "angular  distr ibution space" ,  i.e. in the subspace 
O:/of functions which sa t i s fy  eqs. (25a) and (25b). The functions of ~ which, 

in addition, sat isfy eq. (25c) form the "angular dis tr ibut ion domain",  ZX. It 
is a convex domain containing the isot ropic  angular  distr ibution 

1 
g o  = ~-~ • (27) 

Any measu remen t  of a two-body decay angular  distr ibution can be r ep re -  
sented by a point 

The group of "rota t ions"  and "ref lec t ions"  (little group of p i somorphic  
to 0(3)) ac ts  on fl, and therefore  on ~t ' .  

It leaves 90 invariant;  its action on ~t is  the real  l inear represen ta t ion  

oO 

D = E)L= 1 D (L' +) , (28) 

which yields the mul t ipo le  d e c o m p o s i t i o n  of the space cff 

= G~ (L) 
L=I ~:[ ' 

(29) 

and the multipole expansion of an angular  dis tr ibut ion 

9= go + ~ g(L). (30) 
L=l 

2.2.2. The para l l e l  to the previous  subsect ion is obvious. We can introduce 
s y m m e t r y  planes and equatorial  planes of A, such as Qj(E) and ~](B), for  
which the in tersect ion,  Z~(E) and z~(B), coincides with the project ion.  We 
will prove in appendix A. 2 that the domain Z~ is a lso invariant  under the 
polar  t r ans fo rma t ion  with respec t  to the sphere  centered at the point 9 0 
and of imaginary  radius 

R =  - ~ n  1 . 

Thus, also,  for any k-plane of C~containing 9 o, project ion and in te rsec-  
tion are  polar t r a n s f o r m s  of each other. 
2.2.3. Consider  the two-body decay of a spin j par t ic le  in a polar izat ion state 
P s @j. The decay angular  dis tr ibut ion 9 is a l inear  function of p. Geo- 
met r ica l ly ,  the decay mode (i) of a spin j par t ic le  is the re fore  represen ted  
by a l i n e a r  mapp ing  
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T a b l e  1 
D e c a y  c o e f f i c i e n t s  t i ( L ,  j) fo r  the m o d e s  (i) = (1), {1'), (2). 

(a) D e c a y  c o e f f i c i e n t s  fo r  mode  (1) [ j  ~ 0 + 0] 

l J J  L 
~ - ~ I I ( L ' J )  : (-1)J[2j(2j+ l)]~ (0 0 0 ) 

0, fo r  odd L 

fo r  even  L .  

To  i n t e r p r e t ,  cf. (d) be low;  e .g . :  
1 

~ - ~ t l  (2, j ) = - j  [2 ( j+  1 ) / (2 j+  3) ( 2 j -  1)] ~ 

1 

~4f~l  1 (4, j ) = 3j  [ ( j  + 2) (j + 1) ( j - 1 ) /2  (2j + 5) (2j + 3) (2j - 1) (2j - 3)]~ 

(b) D e c a y  c o e f f i c i e n t s  fo r  mode  (1') [j17--~1- + 0 - ,  /7 = (-1) j ] 

(_l)j-l[2ji2j÷lt ]2 ( ) 
j 0 0 0 

t0 ,  for  odd L 

i L /  L \ r L, 
( -1)  2 ~½L~(j+½L) L ] [ 1 -  

fo r  even  L .  

To  i n t e r p r e t ,  cf. (d) be low;  e .g . :  
1 

~ - ~ t l ,  (2, j ) = - 2 [j (j + 1) - 3 ] [ (2j + 3) (2j + 2) (2j - 1)] -~  

1 

q~-~) ' l '  (4, j )  = 3 [j (j + 1)-  101 [(j + 2) (j - 1) /2  (2j + 5) (2j + 3) (j + 1) (2j - 1) (2j - 3)]~ 

L(L+ 1) /2 j  (j + 1)][(2j+ L+  1)[L](2j -  1 ) [L- i l l  -½ 

(c) Decay  c o e f f i c i e n t s  fo r  m o d e  (2) [j ~ ½ + 0] 

• 1 ~ ( L  j i ) 1 + ( _ 1 )  L 
~ ) ~ 2 ( L , j )  = (- 1) ] - ~  [2 j (2 j+  1)] ~ 2 

0 ½ - ~  

0, f o r  odd L 

= 1 L { L ~  1 1L 
(-  1) ~ ~½LJ(j+I(L+ 1))[~L](j -½)[~ ][(2j+ L + 1)[L](2j - 1)[L-1]] -½ 

fo r  e v e n  L .  

To  i n t e r p r e t ,  cf. (d) be low;  e .g . :  
1 

4 ~ ~ X 2 ( 2 , j  ) = -½ [(2j+ 3) ( 2 j -  1 ) / (2 j+  2)] ~ 

! 
4 (~X2(4 ,  j ) = 3 [(2j+ 5) (2j-~ 3) (2j - 1) (2j - 3 ) / (2 j  + 4) (2j + 2) (2j - 2)] 2 

a!  ; a[b] a!  
(d) Shor thands :  (a b) = b! (a b)! - (a-b)~ 
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~ti( j ) 
~ N - - - - - ~  QJ.  (31) 

So the a n g u l a r  d i s t r i bu t i on  of the d e c a y  mode  (i) of a p a r t i c l e  in the p o l a r i -  
za t ion  s ta te  p is r e p r e s e n t e d  by the point  

y = Xi(j)[p ] . (32) 

P o i n c a r ~  i n v a r i a n c e  r e q u i r e s  this mapp ing  to be equ iva r i an t  :~ fo r  the 
" r o t a t i o n s "  of the l i t t le  g roup  of p. This  impl i e s  that Xi(J) maps  each  

mul t ipo le  s u b s p a c e  ~(N L) into the c o r r e s p o n d i n g  qj (L)  

Xi(L, j )  
~ ( L )  ~ @ L ) ,  

and that  these  Xi(L , j) m a p p i n g s  r e d u c e  to mul t ip l i ca t ion  by a s c a l a r .  We 
denote  these  s c a l a r s  a l so  by Xi(L, j) and call  them decay coefficients. 

As we announced  in the in t roduc t ion ,  these  coe f f i c i en t s  do not depend 
on the d y n a m i c s  for  the d e c a y  m o d e s  (i) = (1), (1'),  (2); they a r e  funct ions  
of j and L only. These  funct ions  a r e  g iven in table  1. On these  e x a m p l e s ,  
one can  ve r i fy  that  fo r  two body d e c a y s ,  a n g u l a r  m o m e n t u m  c o n s e r v a t i o n  
imp l i e s  

Xi(L , j )  = 0 for  L > 2j , (34) 

and p a r i t y  c o n s e r v a t i o n  impl i e s  (cf. re f .  [2]) 

Xi(L , j)  = 0 fo r  L odd . (35) 

2.2.4.  In this  p a p e r ,  we a r e  i n t e r e s t e d  in spin t e s t s  f r o m  the angu la r  d i s t r i -  
but ion in d e c a y  m o d e s  (i) = (1), (1 ') ,  (2). The p r o c e d u r e  will  be to r e p r e s e n t  
this  e x p e r i m e n t a l  a n g u l a r  d i s t r ibu t ion ,  Q, by a point  y E q j .  In any ca se ,  
it m u s t  be long to h .  In addi t ion ,  fo r  e a c h  spin value j ,  we can c o n s i d e r  in 
c~ the d o m a i n  

: ( 3 6 )  

that ,  in s h o r t ,  we will  denote  byX i ~)j. The va lues  of j for  which the c o r -  
r e s p o n d i n g  d o m a i n X i  ~)j does  not conta in  the e x p e r i m e n t a l  point y,  a r e  
exc luded  by the e x p e r i m e n t .  

2.3.  Multipole expansions 
2.3.1.  It is  c u s t o m a r y  to use f o r  a b a s i s  in the complex i f i ed  of the space  

t m - L )  N+I, the rea l ,  non H e r m i  ean a t r i c e s  T(3)~/ whose  e l e m e n t s  a r e :  

. (L)  m ( m  L j )  
(T(3)M )m' = ( j m ' L M l j m )  = ~ . (37) 

j M m' 

:~ This word, commonly used in the mathematic l i terature,  means that the image by 
of a rotated point of ~N is the rotated of the image point by the same rotation in 

~Y. 
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They t rans form under a rotation R according to the law: 

• ( L )  ( j )  - 1  . (L)  ) _ , M '  D(J)(R) T(j) M D (R) = T(J)M' D(L (~)M " (38) 

So any Hermi tean  matr ix  p acting on ~ 2 j + l  can be expanded in this basis:  

P= ~2J ÷L~ ]~L[ 2_~ --~tM+ 1 .(L) (T(j)(LM)) ,. (39) 
L=0 M=-L 

and one shows that the multipole parameters t(M L) satisfy: 

( t r p =  1 ~ ) t ~  0) =1 , (40) 

(p* = p ~ ) t ( L  ) : (- 1) M t (L)  . (41) 
/ P /  

The degree of potarization dp defined in (8) is 

2j +L ! 
d = (  ~ ~ 2 L + l  it M(L)I 2)z (42) 
P L: I  M=-L 2j / 

2.3.2. We prefer  (cf. ref. [1, 2]) to introduce a real  or thonormal  basis  of ~N, 
made with Hermitean mat r ices  

such that 

(0 < M~ < L) 

Q(j )~L) 1 2 ~ + 1  T~L) (43a) 
= V - V -  ' 

,Q(j)~/~) ( _ I ) M ~ _ j + I  t /T,.,(L) .(L)* = ~ I (1) M +T(.1) M ) (43b) 

Q(j)(L)M ( _ I ) M / 2 L + I  1 (M L) .(L)* 
= - -  T(3)M ) ,  (43c) - j 2i  ( T ( j )  - 

.,(L) .(L') 2j+i Q(j)~ )_- (44) (Q(3JM ' 2j 6LL' 6MM' " 

We denote by ~M L) the coordinates of p in this orthonormal basis:  

~ + L  . . . .  (L)r(L) 
P = PO + ~ ~LJ)M U ' (45) 

~Jt~ L= 1M=-L 

The degree of polarization is,  as  function of these normalized multipoles 
o.(L) pa rame te r s  " M  , 

2j +L 

P L=I M=-L 
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Table 2 
Multipole parameters .  

487 

(a) Multipole parameters of the polarization space EN 

r~) _(L) I = trp~2 M = 

(-1) M ~/(2L+I)/j 

~/(2L + 1)/2j 

(-1) M ¢(2L+I)/j 

R e t ~  ) , f o rM > 0 : 

t~ L) , fo rM = 0 :  

Imt(_.~, for M< 0 . 

(b) Multipole parameters  of the angular distribution space QJ 

y(L) to O) dcos0  dep Y(M L ) :  <Y~))= f g(°, ~) M ' '  

(c) Relation between the multipole parameters  in (a) and (b) 

y(M L ) 1 2/-~-+ I t(M L) 

(-1) M ~ Rey(M L) , fo rM > 0 

(L) . y~L) , fo rM 0 ~-i(L,j)rM (3)= = 

(-1) M ~-Imy(LM) , f o r m  < 0 

(For concrete values of ~/(L, j ) ,  see table 1.) 

F o r  j 1 the r~(1) (1) = ~, '~M a r e  the Pau l i  m a t r i c e s  and the th ree  r M a r e  the c o m -  
ponen ts  of the usual  p o l a r i z a t i o n  v e c t o r .  The expl ic i t  r e l a t i o n s  be tween  the 

r (L) and the t(M L) a r e  g iven in table  2a. 
2.~.3. It is  c u s t o m a r y  to choose  as  an o r t h o n o r m a l  b a s i s  of the Hi lbe r t  space  
~/ '  the s p h e r i c a l  h a r m o n i c s  Y(ML)(6, cp), 

) +1 2n 
/ (L) (L' = f f . (L),. r(L')rn I Y M  ' Y M '  -1 0 x M ~u,~p)_M, ,v, ~ ) d c o s 0 d q ~  =SLL,  SMM , . (47)  

,(r) 
We denote  (cf. table 2b) by YM the e xpe c t a t i on  va lue  (Y )) of the s p h e r i -  
ca l  h a r m o n i c s  fo r  the a n g u l a r  d i s t r i bu t i on  ~ . They a r e  the c o m p o n e n t s  of 
the r e p r e s e n t i n g  point  y e qJ;  the expans ion  of 9 in s p h e r i c a l  h a r m o n i c s  
r e a d s  

1 + ~ +L (L) y(L)¢,, . 
9 (0 ,  ~o) =-~-~ ~ YM M "~' ~) (48) 

L=I M=-L 

The rea l i ty  of ~ imp l i e s  

y(L) M =(-1)My!L)M" (49) 
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F o r  a pa r t i c le  of spin j and densi ty  m a t r i x  p with the explici t  fo rm 
given in eq. (39), the angula r  d is t r ibut ion,  y = Xi(j)[p], for  the two-body 
decay mode (i), reads  

1 2~__1 12~1 +L t~  ) (L). 
~(0, qo) = ~ +  V 2 7 - X i  ( L ' j )  ~ YM (0 

M=-L 
, ~ ) .  (50) 

The coeff icient  in f ront  of hi(L, j )  is the square  root of that which en te r  in 
,the e x p r e s s i o n  for  d 2, cf. eq. (41). It d i s a p p e a r s  when one uses  the nor-  
mal ized  mult ipole p a r a m e t e r s  r(ML) (cf. table 2c). 

3. QUADRUPOLE ANGULAR DISTRIBUTION. 

From the preceding study we are now able to discuss the efficiency of 
spin tests from observed quadrupole angular distribution. We will apply 
this discussion to the decay modes (i), (1'), (2). 

3.1. Geometry of the quadrupole domains 
3.1.1. We need to study the following domains :  the quadrupole in te r sec t ion  
and pro jec t ion  of the j -dependen t  po la r i za t ion  domain,  

~!2)_ ~2). ~ ~(21, ~(2)=. ~ 2 ) ~ ) . ,  (51) 
J y y 3 

and of the angula r  d is t r ibut ion  domain f rom two body decays ,  

A(2) = i, r ~(2)-, ?~(2) = ~(2)A, (52) 

where p(2) and 7(2) are the ortho~onal orojectors on the uadru ole sub- _ q P 
spaces of respectively ENand~f. Since @j, E(2), A, ~(2)ar e invariant 
by 0(3), the little group of p, the domains (51) and (52) are invarianl too. 
3.1.2. The group 0(3) acts on ~(2) and @(2) by its irreducible linear represen. 

( 2 ,  +) . . . .  ration D . But s ince the ref lec t ion through the or igin ac t s  t r iv ia l ly ,  
we cons ider  only the act ion of S0(3), of. e.g. eq. (38). This  act ion decom-  
poses  ~(2) and ~ ( 2 )  in orbi ts .  The d imens ion  of the orbi t  space  is 

u 2 = dim ~(2)_ dim S0(3) = 5- 3 = 2 , (53) 

i.e. two algebraically independent invariants are necessary to characterize 
each orbit. As wesaw in subsect. 2.2, the dilation X(2, j ) maps ~(2) onto 
%t(2) for each value of j and each understood decay mode (i). Therefore 
the same invariants (up to a factor) can be used for the orbit spaces of 
~(2) and ~ ( 2 )  The unitary representation D(2)is equivalent to a real, 
therefore orthogonal, representation; it preserves the length of vectors. 
We choose as first invariant: 

+2 +2 
a = ~ (Xr(M2))2= ~ ty(M2/2) l 2 (54a) 

214=-2 M=-2 

We es tab l i sh  in appendix A.4 that ano ther  a lgeb ra i ca l ly  independent i nva r i -  
ant is 
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-r -1  Jr2 + %1 -2 

: yo2 ' [ l y02 )12 -3  (ty22)12+ly!22)12)+~(lyl  _ 

+ 3 ~/6 Re ~Yl " (545) 

We have  g iven  the i n v a r i a n t s  in the s p a c e  Qj(2); to  ob t a in  the  i n v a r i a n t s  in  
the  s p a c e  ~(2) ,  put )t = 1 e v e r y w h e r e  and c o n s i d e r  only  the  f i r s t  e q u a l i t y  
in eqs .  (54). In both  s p a c e s  t h e s e  two i n v a r i a n t s  s a t i s f y  the  n e c e s s a r y  and 
s u f f i c i e n t  c o n d i t i o n s  (cf. a p p e n d i x  A.4)  

3 3 
c~ >i 0 ,  - a  ~ ~<l? < ~ • (55) 

In the  fo l lowing ,  we wi l l  p r e f e r  a n o t h e r  se t  of two a l g e b r a i c a l l y  i n d e p e n -  
dent,~,invariants,,,, h i ,  )tT?, b e c a u s e  they  a r e  h o m o g e n e o u s  to the c o o r d i n a t e s  
X r ~ )  or  yt~).  The  a l g e b r a i c  r e l a t i o n s  b e t w e e n  the old  and the new i n v a r i a n t s  
a r e :  

= X2(~2+7/2) , /3 = X3~(~ 2 -  34 2 ) .  (56) 

To i n v e r s e  t h e s e  r e l a t i o n s  $, de f ine  w by:  
3 

1 1 - ~  ~< 3w --< ~ , s in  3o) = -f~c~-~ (57a) 

Then X~, X~ a r e  de f ined  by  

)t~ = J-~ c o s  w , )tT? = ~/~ s in  w .  (57b) 

We a l s o  p r o v e  in a p p e n d i x  A.4  tha t  a l l  p o i n t s  of ~(2)  o r  Qj(2) which  have  the 
s a m e  v a l u e s  of ~ ,  fi, o r  of X~, XT?, a r e  on the s a m e  o r b i t  of S0(3), i . e .  
t hey  can be t r a n s f o r m e d  in to  e a c h  o t h e r  by a " r o t a t i o n " .  

The  s e c t o r  - ~ u  --< co --< -~Tr of the t w o - p l a n e  X~, XW is  t h e r e f o r e  the  o r b i t  
s p a c e  of X~(2)  = ~ (2) for  the  a c t i o n  of  S 0 ( 3 ) ~ .  

We wi l l  f ind i t  m o r e  c o n v e n i e n t  to use  b e l o w  the ful l  t w o - p l a n e  {)t( ,  )tW}. 
Then ,  in  g e n e r a l ,  e a c h  o r b i t  is  r e p r e s e n t e d  by s i x  p o i n t s ,  which  a r e  t r a n s -  
f o r m s  of e a c h  o t h e r  by a g roup  cJ 3 ( i s o m o r p h i c  to the  p e r m u t a t i o n  g roup  
of t h r e e  o b j e c t s ) ,  g e n e r a t e d  by the s y m m e t r y  t h r o u g h  the  a x e s  

w = -~ (2n+ l )  ( = 0 ,  ~/3V + ~ = 0 .  (58) 

Th i s  g roup  fJ3 c o n t a i n s  a l s o  the r o t a t i o n s  by ~ u a r o u n d  the o r i g i n .  The 
o r b i t s  wi th  Ic0 | =  ~ cut  the  t w o - p l a n e  {)t~, X~?} in t h r e e  po in t s  on ly ,  one on 

:~ One cannot give )t~ , )tT? as rea l  express ions  in ~,  f~ or  )tr(M 22) ~ YM"(2) with the ordinary  
a lgebra ic  symbols  including ~/. 
The situation is s im i l a r  to that of the Dalitz plot for three  identical par t ic les .  The 
five dimensional  phase space is invariant  by 0(3), the l i t t le  group of the total 
energy momentum, and by the group of permutat ions of the par t i c les .  The orbit  
space is a ½Y sec to r  of the Dalitz plot. 
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each symmet ry  axis. We shall call the two-plane {k4, )tT?}, "two-plane of 
meridian sect ions".  We shall explain why below. 
3.1.3. Let  us choose a quantization tetrad and consider  the two-plane of 
Qff(2) = ~ ~(2) spanned by the coordinates ~r~ 2) and ~r(02). Two such two- 

planes, corresponding to two choices of quantization te t rads ,  are  t rans-  
formed into each other by the "rotat ion" which t rans forms  the quantization 
tetrads into each other. We then verify that each orbit 4,77 cuts each two- 
plane of this family. Indeed, eqs. (54) to (57) show that in such a two-plane 

(2) (59) : r~ 2) ~? = r 0 , • 

Therefore  we can identify the abst ract  two-plane { ~ ,  )~77} with the two- 

plane {),r~2), )~r~2) } corresponding to an a rb i t ra ry  quantization tetrad. 
(2) Any S0(3) invariant  domain ), @inv ( e . g . ) ~ j  , ) ~ J 2 ) ,  A(2), ~(2)) is a 

union of S0(3) orbits ,  and, according to eq. (59), it is generated by a ½ 
"meridian sec tor"  of the "meridian section", 

(2) Xr~ 2)} i-i {~r2 ' ~ @inv " (60) 

That is the reason why we call "two-plane of meridian section" any plane 

{)or(22) , ' -  At(02)}'- and also the abstract plane {A~, AT?}. 
For any )ccI)inv, the two-plane of meridian section . t,~Ar~) ' },r~) ~I~ is not 

in general a symmetry plane, but it is always an equatorial plane. Indeed 
the S0(3) invariants c~, fi given in eqs. (54) are invariant for the symmetries 

(2) X r(M2/2) with (EM)2 A r M  --+ ~M = 1 , (61) 

such that 

~0 = E2 = 1 , E_2 E 1 E_ 1 = 1 . (61') 

Hence for any quantization tetrad,  the three three-planes  {),r(2"Z) , ' -  X r(0"Z) , ' -  

Xr!2)}' {Xr~ 2)' Xr(o 2)' Xrl2)} ' {~tr~ 2)' Xr(O 2)' Xr(2)~-i J a re  symmet ry  planes of 

each orbit,  and therefore  of any @inv. That is not the case for the two- 

plane {)tr~ ~),~" )tr~')};" but, as it is the in tersect ion of perpendicular  sym-  
metry  planes, it is an equatorial plane for any convex, invariant domain, 
@inv (cf. subsect. 2.1.7). 

Consider the quadrupole component of the polarizat ion of a spin-j  par -  
ticle. We have just  shown that one can always choose the quantization 

(2) (2) r(02). te t rad such that the only non vanishing r M are  r 2 and Outside the 
exceptional cases f12 = ~3, the right-handed tetrad is uniquely defined up 
to the labelling and the sign of its axes. Hence, a quadrupole polarization 
is completely charac ter ized  by this te t rad and the two invariants  4, ~?; the 
~Tr sector  of the point 4, ~? depends on the labelling of the tetrad axes. 
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(B) ( 3.1.4. The B - s y m m e t r i c  domain ~O~ has dimension k -N(c f .  eq. (17)) and it 
is not invariant by 0(3) but only by the subgroup 0(2) of "rotat ions" around 
the normal  to the reac t ion  plane and the "ref lec t ions"  through this plane. 

In particulart the domains ~(D~ B' 2) = X'vj~'(B) re ~(2) and x ~ B ,  2) 

= ~d ~2) O)  B) a re  th ree-d imens iona l  and have only one axis of revolution. 
Their  meridian sect ion by a two-plane containing this axis is identical  to the 

(2) meridian sect ion of the S0(3)-invariant full quadrupole domains k ~ .  and 
J 

X(7) 2). Indeed it is easy to verify (see eqs. (63) and (64) below) that the 
f (2) (o2)} two-plane tXr 2 , xr is also a two-plane of meridian sect ion for the 

0(2)-invariant  X'~! B, 2) and X@! B'  2) in ei ther  t r ansve r s i ty  or  helicity 
quantization. -7 .7 

The coordinates  of the B - s y m m e t r i c  polarizat ion s ta tes  depend on the 
choice of quantization axis (cf. ref. [1]). For  quadrupole B - s y m m e t r i c  

polar izat  ion the non-vanishing coordinates  of ~ (B, 2) and of QJ (B, 2) 
= ;~ c(B,  2) and the invariants ;~, ~? are:  

(a) in any t r ansve r s i ty  quantization: 

(2) r ~ 2 ) , r ( 2 ) .  (2) y~2)(complex) ; r0  ' - 2 '  Y0 ' 

~ = ~r ~2) = y~2)., (62a) 

( ( 2 ) 2  2 ½ y~2) y!~) , 
;~ : ;~ ~r 2 + r(2)_ ) : v~l I = x/-2-t I (62b) 

(b) in any helicity quantization: 

, (2) = - y ~ ) ( r e a l ) ,  y~2) =yi2)2(real) ; r~2), r~2), r~2) .  y~2), Yl 

½ ~(r~2) + ~/-3r ~2)) i (2) (2) 
. . . .  ~(Y0 + x/-6Y 2 ) '  (63a) 

h~ = ~  I(r~2) ~ (2).2 . (2)27 ½ I [" ( 2 ) f ~ y ~ 2 ) ) 2  ~ (2)2~ ½ 
- v ~ r  0 ) +,~r I ] = ~ [Y2 +'~Yl ] . (63b) 

Those equations a re  independent of the spin j. In the s imples t  case  of spin- 
one or  22, there  sti l l  a re  exper imental  papers  which prefer  to give, instead 

~.(L) the value of the matr ix  e lements  of the density mat r ix  p. For  of the "M ' 

a rb i t r a ry  B - s y m m e t r i c  state,  in any helicity quantization (such as s -  
helicity, t -he l ic i ty  = Jackson  axes,  etc.) the invariants ~, T/ are,  as func- 
tion of the Pmm, for spin-one,  

rl = ½ - ] (Pll  + P1-1 ) ' (64a) 

= 2 -  [(P00 - Pl 1 + P1-1 )2 + 8P10 J (645) 
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One a l so  p r o v e s  that  

of the P2m, 2rn' f o r  spin  -3 ,  

1 
-- - ~ ( P 3 3  - P l l  ) -  2P3-1 ' (65a) 

[ ( ~  ) 2 ,8 2]½ 
=M~/3P3-1-P33+P11/2+~- P31 " (65b) 

F o r  the p a r t i c u l a r  c a s e  of B - s y m m e t r i c ,  even  p o l a r i z a t i o n ,  s p i n - o n e  
dens i ty  m a t r i c e s  p, in t - h e l i c i t y  quan t i za t ion  Donohue and H~Sgaasen [9] 
have  a l r e a d y  g iven  as  i n v a r i a n t s  the p e i g e n v a l u e s ,  ~ (1 - 27/) and 
½ (1 +77 + ~ ~/3), and not iced  the e x i s t e n c e  of the i n t r i n s i c  t e t r a d  that  we 
i n t r o d u c e d  b e f o r e  (at the end of subsec t .  3.1.3).  They  a l s o  give the angle  of 
the ro ta t ion ,  a round  the n o r m a l  to the r e a c t i o n  p lane ,  which  t r a n s f o r m s  
t h e i r  quan t i za t ion  t e t r a d  into the i n t r i n s i c  t e t r ad .  
3.1.5. We need to study~,,, the rank of the p o l a r i z a t i o n  m a t r i c e s  p which a r e  p u r e  
quad rupo le :  p • * ~ ' ) .  The  points  of the i n t e r i o r  of , ~ 2 )  r e p r e s e n t  m a t r i c e s  

p with m a x i m a l  rank ,  i .e.  r a n k  p = 2 j + ] .  The  r a n k  is s t r i c t l y  s m a l l e r  f o r  
the poin ts  of the b o u n d a r y  (cf. subsec t .  2.1) 

3 , ! 2 )  = ~ , .  ('~ ~(2) . (66) 
3 J 

(2) F r o m  a de ta i l ed  s tudy  of b j , us ing  r e f s .  [1, 2] 1A6, one shows that  al l  
(2) 

po in t s  of ~ j have  s a m e  r a n k  excep t ,  when j i s  i n t e g e r ,  fo r  t h r e e " e x c e p -  

t iona l"  po in t s  which a r e  on the s y m m e t r y  a x e s  (58). One  of t hem has  fo r  
c o o r d i n a t e s :  

~ ; O,  ~ = -  , / l O j ( j + l )  = (67) 
_ j - j - [  1 0 ( 2 j - i )  " 

The  o the r  two points  a r e  ob ta ined  by a ro t a t i on  of ~v a round  the or ig in .  

M o r e  p r e c i s e l y  fo r  p •  ~,~2)" one has  

,2j  fo r  i n t ege r  j and non excep t iona l  po in t s  , (68a) | 
r a n k  p = { 2 j - I  f o r  i n t e g e r j  and excep t iona l  points  , (68b) 

[ 2j 1 fo r  half  i n t ege r  j and all  po in ts  . (68c) 

The  f igs .  1 (a) and 2 (a) show the m e r i d i a n  s ec t i ons  of , ~ 2 )  fo r  
. . e  

j = 1, 2, 3, 4 a n d j  = ~, ~, ~ whi le  the f igs .  I (b) and 2 (b) show those  of 

~ 2 ) "  f o r  the s a m e  j - v a l u e s .  S ince  L = 2 is  the only L even  mul t ipo le  fo r  

j = l o r ~ ,  

I (2) . 1 2 )  = ~ 2 )  (69) 2 ) = ' ~  1 , ~ ~ " 
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and 

9 (2) ~ 9 (2) J j+ l  f o r  j >/ 1 (70a) 

3 .~)!2) ~ 9 ! 2 !  for j >~ . (70b) 
J J+5 

3.2. Spin tes t s  f r o m  quadrupole angular distribution 
Le t  us s tudy how the r e s u l t s  d e r i v e d  in the p r e c e d i n g  s ec t i ons  can be 

used  to d e t e r m i n e  the spin of a p a r t i c l e  whose  d e c a y  mode  is (i) = (1), (1') 
o r  (2). We a s s u m e  that  one has m e a s u r e d  s o m e  componen t s  y ~ )  (cf. t ab le  

2) of the n o r m a l i z e d  angu la r  d i s t r i bu t ion  g(0 ,  ~p), f o r  i n s t ance  all  c o m p o -  
nents  f o r  L --< L 0. Then  the p r o c e d u r e  fo r  spin d e t e r m i n a t i o n  is the fo l low-  
ing: 

(i) The  d e c a y  modes  (1), (1') and (2) a r e  pa r i t y  conse rv ing ,  i .e.  
L/(L, j) = 0 for  L odd (see eq. (35)). Thus  one m u s t  f i r s t  c h e c k t h a t  the 
angu l a r  d i s t r i bu t ion  g (0 ,  ~p) has  no odd - L  mul t ipo les ,  i .e.  y (~)  = 0 when L 
is odd 

(ii) If the p roduc t ion  sec t ion  is B - s y m m e t r i c ,  subsec t .  2.1.5.  (i), one m u s t  
check  that  the c o m p o n e n t s  y!L) s a t i s fy  this s y m m e t r y  ~t. T h e s e  B - s y m m e t r y  
condi t ions  a r e :  

in any t r a n s v e r s i t y  quan t i za t ion  

(L) = 0 f o r  M odd (71) YM 

in any he l i c i ty  quan t i za t ion  

y (L) .(L) 
M = (- 1)L:v M . (72) 

(iii) If one has  o b s e r v e d  n o n - v a n i s h i n g  v (L) up to L = LO, of c o u r s e  the 
JM 

1 spin  value  s a t i s f i e s  j >/ ~L O. In the c a s e  L 0 > 2, s ee  a l so  sect .  4. In this  
s ec t ion  we sha l l  c o n s i d e r  two g e n e r a l  c a s e s :  

(a) f o r  L ¢ 2, one has  o b s e r v e d  all  y(/~)" = O, 

(b) f o r  L ¢ 2, no i n f o r m a t i o n  on the y(L) is known o r  taken into account .  

(L). has  of Case  (a), which imp l i e s  an infini te  n u m b e r  of known va lues  of YM • 
c o u r s e  m u c h  m o r e  i n f o r m a t i o n  content  than c a s e  (b),  which is expec ted  to 
have  l i t t le  power  as  spin tes t .  

(iv) Compute  the c o o r d i n a t e s  X~, At/ of ~, one of the points  in the two-  
p lane  of m e r i d i a n  s ec t i ons  which c o r r e s p o n d s  to y, the  point  of Q~(2) r e -  

If this is not satisfied, this simple analysis should not be carr ied through. Most 

likely, the presence of non expected "-Y~) in the decay angular distribution reveals 

the existence of interference between the resonance channel and the background. 
In that case a more complete analysis is needed, e.g. ref. [2] 3.1. 
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p r e s e n t i n g  the e x p e r i m e n t a l  data .  In the g e n e r a l  c a s e  use  eqs .  (54) to (57). 
F o r  B - s y m m e t r i c  p r o d u c t i o n  r e a c t i o n s ,  when a t r a n s v e r s i t y  quant iza t ion  
has  been choosen  one m a y  use eqs.  (62) and fo r  he l i c i ty  quant iza t ion  (63). 

(v) Check  that  3? be longs  to the m e r i d i a n  sec t ion  
(a) of A(2) the quadrupo le  i n t e r s e c t i o n  of A, 
(b) of 2~(2)i p r o j e c t i o n  A the quadrupo le  of , 

w h e r e  a is the doma in  of pos i t i ve  a n g u l a r  d i s t r i b u t i o n s  5. 
These  m e r i d i a n  s e c t i o n s  a r e  the dot ted t r i ang l e s  of fig. 6. The m e r i d i a n  

sec t ion  of A(2) is  a l s o  d rawn  in each  of the f igs .  3 (a), 4 (a), 5 (a), while 
tha t  of 7((2) is only s u g g e s t e d  in the c o r r e s p o n d i n g  f igs.  3 (b), 4 (b), 5 (b). 
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/ I  / I  I ' \  . \ ' , ,  

/ \  / / / /2 ,, / ' ,  \ / \o! 7,, / v ~ \ \ \ \  

\\\\\ 
Fig. 6. These four triangles are common to figs. 3,4,5.  The meridian sections of 

A (2) and ~{2) are the small and large deshed-line triangles respectively. Those of 

~tcb 2 ) and ) t ~ )  are the small and large solid-line triangles. 

(vi) Study the r e l a t i v e  pos i t ion  of ~ with r e s p e c t  to the m e r i d i a n  s e c t i o n s  

(a) of the quadrupo le  i n t e r s e c t i o n s  k/(D~ 2)," 

(b) of the quadrupo le  p r o j e c t i o n s  ~t. ~ ! 2 ) ,  
g 

If not, this proves that the observed y(M 22) do correspond to a non positive angular 

distribution. One precedure which might yield such a distribution is to measure 
9(8, ¢p) only for a:limited domain of (0, (p), and ask a computer to extrapolate on 
the whole (8, q~) range by a best fit method, without imposing 9(0, q~) to be positive. 
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of the j -dependent  po la r iza t ion  domain (l)j, mapped into the space  of angu la r  
d is t r ibut ion,  for  the decay mode (i). TheRe mer id i an  sec t ions  a r e  shown, 
for  decay (1) in fig. 3, for  decay (1') in fig. 4 and for  decay (2) in fig. 5. 

We now apply this study to each decay mode sepa ra te ly .  

3.2.1. Decay mode (1): j ~ 0+0.  

~i)STh~a)meridian section of Xl @(j2) for integers j = l, 2, 3, 4, ~, a re  

drawn in fig. 3 (a). Note that A (2) = ~1~)~ "),'' SO the expe r imen ta l  point 

mus t  be inside the l a rge  t r iangle .  We have the inclusion p roper ty :  

"" 1 j+l  D . . .  D k l q )  . (73) 

The l imi t  k l ~  (o02) is the smal l  t r iangle .  

All mer id ian  sec t ions  of ~lq))2)(j" = 1, 2 . . . . .  0o) have three  points  in 
common  on the s y m m e t r y  axes ;  they a r e  the middle of the sides,, of the 

This  r e f l ec t s  the p rope r t y  of the domains  k-q)~") to be l a rge  t r iangle .  

tangent along the two-d imens iona l  orbi t  co r re spond ing  to these three points 
(subsect .  3.1.2). 

(ii) If there  a r e  no rank  conditions on the densi ty  m a t r i c e s ,  and if 

y • ~1~) ~ ) ,  no value/of  j is excluded; if y ~ ~l~/(°°2)' then j < Jo '  where  Jo 

is  defined by y # kl  ~ 2 )  for  j > Jo '  and y • ~lCb) 2) for j--< Jo" 

The ex i s tence  of Jo is  guaranteed  by eq. (73). 
In p r ac t i ce ,  due to i ts  l imi ted  p rec i s ion ,  the value of the expe r imen t  as  

spin tes t  depends on the posi t ion of y outside ~10  '"~). If ~? is nea r  one of 

the points  common to all domains ,  the expe r imen t  has  no potent ia l  power  
as  spin test .  If ~ is f a r  f rom these points ,  there  is  a hope to exclude spin 
va lues ,  and a g rea t  incent ive for more  p r e c i s e  expe r imen t s .  

In fig. 3 (a) there  is a l a rge  region inside the la rge  t r iangle ,  but outside 
the c i r c l e  which imp l i e s  j = 1. F o r  ins tance ,  in a B - s y m m e t r i c  e x p e r i m e n t  
with a pure  quadrupole decay angular  d is t r ibut ion,  the pos i t iv i ty  domain 
A(2) of this d is t r ibut ion is a three  d imens iona l  cone of revolut ion whose 
axis  is  ~U and mer id i an  sect ion is the t r iangle .  If the expe r imen ta l  point 
r e p r e s e n t i n g  this angu la r  d is t r ibut ion is outside the insc r ibed  sphere  

(whose mer id i an  sec t ion  is that of ~lCb (22)) then j = 1. Another  way to say 

it is the following: a pure  quadrupole angular  d is t r ibut ion for  this decay 
sugges t s  (but does not p rove! )  the hypothes is  j = 1. If the po la r iza t ion  
ana lys i s  is made with this hypothes is ,  and shows a po la r iza t ion  degree  

1 > ~, then the hypothes is  is p roved .  
dp (iii) If there  is a rank condition, the expe r imen t  becomes  m o r e  powerful  
as  spin test .  As we saw in subsect .  2.2 fo r  unpolar ized  t a rge t  and un- 
obse rved  po la r i za t ion  of the final baryon,  the s t ronges t  expe r imen ta l  r ank  
condition is for  r eac t i ons  of the type (14) 
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0- +½+ ~ j + ½  . (74) 

Then  the p o l a r i z a t i o n  d e n s i t y  m a t r i x  p( j )  of the f inal  m e s o n  has  r a n k  
r -<< 4. I t s  even  p o l a r i z a t i o n  p a r t  ha s  r ank  r ~< 8. When this  even  p o l a r i z a -  
t ion i s  p u r e l y  q u a d r u p o l a r ,  condi t ion (68a, 68b) shows  tha t  

fo r  2 j+  1 < 8 i .e .  j = 1, 2, 3 y m u s t  be ins ide  k10(~2)" 
J 

(2) 
fo r  2j  = 8 i .e .  j = 4 y m u s t  be on the b o u n d a r y  ~1 0 4 ' 

and j >/ 5 i s  exc luded  by the r a n k  condi t ion . 

To  s u m m a r i z e :  in a two body d e c a y  j ~ 0 + 0  of a m e s o n  p r o d u c e d  in r e a c -  
t ion of the type (74) with a p u r e  quad rupo le  a n g u l a r  d i s t r i bu t ion ,  one has  
1-.< j -_<4~.  

C a s e  (b). The  poin t  y cannot  c o r r e s p o n d  to a p o s i t i v e  a n g u l a r  d i s t r i b u -  
t ion if it f a l l s  ou t s ide  ~(2),  the l a r g e  dot ted  t r i ang l e  of fig.  6 which  i s  too 
l a r g e  to be ful ly d r a w n  in fig. 1 (b). A n g u l a r  m o m e n t u m  c o n s e r v a t i o n  

m o r e  the d o m a i n  of p o s s i b l e  y. It  i s  the union of a l l  k l ~  ~').~" r e s t r i c t s  much  

T h e r e  is  no r a n k  condi t ion in a l l  c a s e s  (b) s ince  we have  made  an a r b i -  
t r a r y  p r o j e c t i o n  on g (2). It  i s  s u r p r i s i n g  that  t h e r e  s t i l l  e x i s t s  s m a l l  
r e g i o n s  c o m p a t i b l e  only with s p i n - o n e :  the ne ighbo rhood  of the v e r t i c e s  of 

the t r i a n g l e  h l O  (12)= k l a n 2 ) .  N e a r  the v e r t i c e s  of the t r a i n g l e  ~1 ~ ~ ) ,  

t h e r e  i s  a l o w e r  bound Jo f o r j  l a r g e r  than unity.  

3.2.2.  D e c a y  m o d e  (1'):  j~? ~ 1 ~ ? 1 + 0  ~?0, ~?~71~?0 = (- 1)J. 
(2) 

C a s e  (a). The  d o m a i n s  ~ 1 , O j  a r e  much  s m a l l e r  than A "2), whose  
( 

m e r i d i a n  s ec t i on  i s  the dot ted  l ine  t r i a n g l e  (fig. 4 (a)) which  m u s t  con ta in  
Y. A n g u l a r  m o m e n t u m  c o n s e r v a t i o n  i m p o s e s  in th is  c a s e  s t r i c t e r  cond i t ions  
than  the p o s i t i v i t y  of the a n g u l a r  d i s t r i bu t i o n .  T h i s  decay  i s  a p o o r e r  spin  

t e s t  than the decay  (1). Note that  X l , O  ) = X l , O  ~ ) .  If J~ is  ins ide  the 

c i r c l e ,  no va lue  of j i s  exc luded ;  if i t  i s  ou t s ide ,  j = 2 is  exc luded .  See 
fig.  4 (a) fo r  m o r e  de t a i l s .  The  r ank  condi t ion  depends  only on the p r o d u c -  
t ion of the r e s o n a n c e  and not on i ts  decay ;  they a r e  t h e r e f o r e  s i m i l a r  to 
s u b s e c t .  3.2.1 (iii). 

C a s e  (b). Mos t  of the r e g i o n s  ins ide  X 1, @ (oo2) a r e  c o m p a t i b l e  only with a 

l o w e r  sp in  l i m i t  Jo, which  d e p e n d s  on the r eg ion ,  with the excep t ion  of the 
(2) (2). the re ,  al l  t h r e e  c o r n e r s  of Xl, cD 1 ~  ly ing  ou t s ide  the s p h e r e  X l , ~  2 " 

p o s s i b l e  i n t e g e r  v a l u e s  of j a r e  p o s s i b l e ,  excep t  j = 2. 

The rank condition is pract ical ly lost when one integrates over a too large domain 
of a variable (e.g. too large "bins") or folds down the data arbi t rar i ly .  
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3.2.3. Decay mode (2): j ~  ~+' 0. 

Case  (a). The )`2 ~ (.2) also sat isfy the inclusion condition 
J 

2 " ' "  2 " 

They a re  inside the sphere  )` g ~2) which is inscr ibed in ~(2) (see fig. 5 (a)). 
2 

Without rank condition each region inside this sphere  co r r e sponds  to a 

lower  l imit  Jo of j .  All ~2(~. DjI!2) a r e  tangent along the same two-dimensional  

orb i t  that the domains A ~D~2) (j in teger ,  cf. fig. 3 (a)). So in fig. 5 (a) 1 j 
the middle of the sides of the dotted t r iangle  a re  common to all domain, 
and if ~ is in thei r  neighborhood, the exper iment  is not useful for spin test .  

Rank condition is ve ry  important .  Fo r  unpolar ized target ,  the s t r i c t e r  
condition appears  in reac t ions  of the type (15): 

0- +½+ ~ 0 + j .  (76) 

Indeed the polar iza t ion  densi ty mat r ix  p( j )  of the unknown spin baryon has 
rank r < 2 (see subsect .  2.1.5), its even polar iza t ion  par t  has rank r --< 4 
(see subsect .  2.1.7). Then eq. (68c) yields that: 

In a two body decay j ~  ~ +0, of a baryon produced in a react ion of the 
type (76), with a pure  quadrupole angular  distr ibution,  the baryon spin 
can be on ly j  =3 o r j  =~.  

For  J5 = 23- the exper imenta l  point ~ can be anywhere  inside the c i rc le .  
For  j = ~, ~ must  be on the drawn curve.  

Case  (b). Since )`2~2)"  < )`2 j + l '  each region inside ),2 @ (oo2) imposes  
(2) 

only a lower l imit  Jo to the spin. 
3.2.4. Table 3 gives the equations of all cu rves  drawn in the f igures  quoted 
in this section. Fig. 3 (a) and 5 (a) a re  ve ry  s imi lar .  This is due to the 

following: each mer id ian  section of ~(2), of X l ~  2) and X 2 ~  2), (j in teger ,  

j '  ha l f - in teger  > ½) has two points on each s y m m e t r y  axis.  One point is 
common to all  merid ian  sect ions;  i ts ordinate  on the )`7/axis is 

kn = - 1/,/-5. (77) 

The ordinate  of the other  point is,  r espec t ive ly  

j + l  1 2 j '+3  1 
(77') 77J = 2 j - 1  ~ '  ~?J' = 4j '  v~- '  

we r e m a r k  that 

n j ,  = n j _ ½  • (78) 
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T a b l e  3 
Equa t ions  of  the  c u r v e s  in the  f i g u r e s  of  s ec t .  3. 

(a) F i g s .  1 (a), 2 ( a ) . . .  5 (a) show the  p a r t  of the  a l g e b r a i c  c u r v e s  
(pj( ~, 77, #)  = 0 wh ich  bounds  the m i n i m a l  c o n v e x  d o m a i n  con t a in ing  
the  o r i g i n  ~ = ?? = 0. The  h o m o g e n e i t y  p a r a m e t e r  tt r e p r e s e n t s  uni ty  
fo r  f igs .  i and 2, and ~ti(2 , j ) / X i ,  with  the  n u m e r i c a l  v a l u e  of~t i (2 ,  j )  
g iven  in t ab le  1, fo r  f igs .  3, 4 and 5. As func t ion  of the i n v a r i a n t s  

(~ = ~2+ ??2 , /3 = ??(?/2_ 3~ 2) , 

the  c u r v e s  ~gj( ~, ??) = 0 a r e  

~2(~ ,  ??) = ~ - ~ 2  = o ,  

~P3(~, ??) = 250( a 3  _f12) + 450 ~/-2tz~/3- 465/2 2~2  _ 44 ~/~tz3/3 + 84 tt4(~ - 4/26 

= (10 ~2 + 2 f2g?? - 12 2) (- 5(?? ~ +  ~)2+ 2 ~/2//?? - 2 ~/-6/2~ 

+2/~ 2) (-5(?? ~/3-~)2+2~/-2/277+2~/-6~ +2//2) = 0 , 

3s ~ v / ~ / 2 3  
q~4(~, ?7) = P -Y6v -ff t2(~ + ~ = 0 , 

~(~, ??) = a-½ u 2 =o, 
3 3 

qg_s(~, 77) = /3- 3(3~) ~ t/or " ~  tT~-~ = 0 , 
2 

(pT(~ , ?7) = 3 5 a 2 +  6 4 ~ 1 3 - 4 2 t t 2 a + 3 / 2 4  = 0 . 
V3 

(b) The  f igs .  i (b), 2 ( b ) . . .  5 (b) a r e  ob ta ined  f r o m  f igs .  i (a), 
2 Ca) • • • 5 (a) by m e a n s  of  a p o l a r  t r a n s f o r m a t i o n  wi th  r e s p e c t  to the  
c i r c l e  

~2+?72+ 1---~ 2 = 0  
2j 

We r e c a l l  tha t  the  c o o r d i n a t e s  of  the  po in t s  of  ~ j ( ~ ' ,  ?? '; tt) = 0, the  
p o l a r  t r a n f o r m  c u r v e  of  q~j(~, ??; t~) = 0, a r e  g iven  by: 

= ~ ~ -~-~,  = ~ - / ~ .  

(c) The  t r i a n g l e s  in f ig.  6 a r e  c o m m o n  to f igs .  3, 4 and 5. T h e y  a r e  
g iven  by  (P l (~ ,  ??; it) = 0 wi th  # r e s p e c t i v e l y  

4 ~ / 2  = , ~ X i  , 1  2X~.~5- fo r  the  s o l i d - l i n e  t r i a n g l e s  

2 7 ~ - f o r  the  d a s h e d - l i n e  t r i a n g l e s  . 
u = - ~ , ~i 

The  f o r m e r  t r i a n g l e s  a r e  p o l a r  t r a n f o r m e d  of e a c h  o t h e r  wi th  r e s p e c t  
to the  c i r c l e  

()ti ~)2+ (Xi??)2+ 1~_~= 0 

(which is  tha t  de f ined  in (b) fo r  the  l i m i t  j ---* oo), and the  l a t t e r  t r i a n -  
g l e s ,  wi th  r e s p e c t  to the  c i r c l e  

(~'i ~)2 + (~.i ? ? ) 2 + 1 =  0 .  
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4. P O L A R  ANGLE DISTRIBUTION F O R  T W O - B O D Y  DECAYS 

(L) and When non v a n i s h i n g  m u l t i p o l e s  YM a r e  o b s e r v e d  fo r  L up to L ° 

L o > 2, a c o m p l e t e  s tudy  of the p o l a r i z a t i o n  d o m a i n s ,  l i ke  that  of sec t .  3 
for  L o = 2, t u r n s  out to be v e r y  c u m b e r s o m e .  Indeed ,  the n u m b e r  of in-  
v a r i a n t s  u n d e r  the " r o t a t i o n "  g roup  for  

L o L o 
qffLo ~ Q~(L) ,(E) (L) 

L=I , ",9"L o ~ qJ , (79) 
even L =2 

the a n g u l a r  d i s t r i b u t i o n  s p a c e s  fo r  g e n e r a l  and  p a r i t y  c o n s e r v i n g  two body 
d e c a y s ,  a r e  r e s p e c t i v e l y :  

(8O) 

= 11, to be Thus  for  the s i m p l e s t  c a s e  the o r b i t  s p a c e  h a s  d i m e n s i o n  t~u~) 

c o m p a r e d  with ul ~)'~ = 2 a s  c o m p u t e d  in eq. (53). 
Le t  us t h e r e f o r e  s tudy  in th i s  s e c t i o n  the s i m p l e r  p r o j e c t i o n s  of ~ t L o  

and cff (E) (D) Lo on cff . the  L - p l a n e .  s p a n n e d  by the a x e s  
o 

Y(L)(O'O ~) : [ ( 2 L + l )  4~] ½ PL (cos  0) . (81) 

T h i s  p l a n e  d e p e n d s  on the cho i ce  of p o l a r  a x i s .  Indeed  i t  c o r r e s p o n d s  to the  
e x p e r i m e n t a l  m e a s u r e m e n t  of the t w o - b o d y  d e c a y  d i s t r i b u t i o n  in the p o l a r  
a n g l e  0. wi th  r e s p e c t  to an a r b i t r a r y  p o l a r  a x i s .  Th i s  m e a s u r e m e n t  sup -  
p l i e s  i n f o r m a t i o n  only  on the d i a g o n a l  e l e m e n t s  of the d e n s i t y  m a t r i x ,  and  
fo r  the s t r o n g  i n t e r a c t i o n  d e c a y s  (1), (1 ' ) ,  (2) only  on i t s  even  p a r t .  Th i s  
p a r t i a l  i n f o r m a t i o n  can  be h o w e v e r  p o w e r f u l  a s  sp in  t e s t .  

4.1. Geometry of diagonal matrix  domains 
4.1.1.  Le t  us  c o n s i d e r  the 2 j - d i m e n s i o n a l  E u c l i d e a n  s p a c e  d (D) ~: ~ N  of a l l  
d i a g o n a l ,  H e r m i t e a n  ( i .e .  r e a l ) ,  t r a c e - o n e  m a t r i c e s .  It i s  an e q u a t o r i a l  
2 j - p l a n e  fo r  the p o l a r i z a t i o n  d o m a i n  :~)~ (cL s u b s e c t .  2 .1 .7) ,  whose  i n t e r s e c -  
t ion a s  wel l  a s  p r o j e c t i o n  can be c a l l e d  

:l)3(D) = ~)j r, d (D) = PD @j " (82) 

The  g e o m e t r i c a l  shape  of -L)(D). i s  a "regular simplex", with  n = 2 j+  1 
ver t ices  and 3 

n} 
nk = (;) - k'. (n- k)'. (83) 

equa l ,  k - d i m e n s i o n a l  f ace s .  The n v e r t i c e s ,  Pm (with - j  < m ~ j ) ,  r e p r e -  
s en t  p u r e  s t a t e s  with Pro. m = 1 a s  only non v a n i s h i n g  d e n s i t y  m a t r i x  e l e -  
men t .  A c c o r d i n g  to the m e t r i c  in eq. (9). the v e r t i c e s  Pm a r e  at  a d i s t a n c e  
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d = 1 f r o m  the  u n p o l a r i z e d  s t a t e  Po and at  a d i s t a n c e  l = [(2j ÷ 1 ) / j  ]z f r o m  
e a c h  o t h e r .  

_(D) 
4 .1 .2 .  A m o n g  the  m a n y  s y m m e t r i e s  of ~/)j , we  a r e  i n t e r e s t e d  in i t s  s y m m e t r y  

t h r o u g h  ~ (E), the even-L polarization p l a n e  (cf. s u b s e c t .  2 .1.6) .  S ince  th i s  
s y m m e t r y  p e r m u t e s  the v e r t i c e s  Prn and P-m,  ~ (E) i s  a " m e d i a t r i x "  p l a n e  
fo r  a l l  the e d g e s  ProP_m, and c o n t a i n s  the  v e r t e x  P o  when i t  e x i s t s ,  i . e .  
when j i s  i n t e g e r .  F o r  th i s  s y m m e t r y  p l a n e  p r o j e c t i o n  and i n t e r s e c t i o n  
c o i n c i d e  too:  

cD j(D,E) = c~ (D)j ~1 ~(E) = PE ~(D)j . (84) 

In the c a s e  of h a l f - i n t e g e r  j ,  the d o m a i n  ~(D,E). i s  a n o t h e r  r e g u l a r  
J 

t 1 s i m p l e x ,  whose  v e r t i c e s ,  Prn(~ "< m ~< j) ,  a r e  p l a c e d  at  the m i d d l e  of the 

e d g e s  P P of ~)!D).  I t s  d i m e n s i o n  if  j - 5 ,  ~ and each  of i t s n '  = j + ½  
m - rn  j 1 

v e r t i c e s  l i e s  a t  a d i s t a n c e  d '  = [ ( 2 j -  1 ) / 4 j ]  ~ f r o m  Po, and a t  a d i s t a n c e  
l '  = [(2j + 1)/2j ]~ f r o m  e a c h  o t h e r .  

In the  c a s e  of i n t e g e r  j ,  the s i m p l e x  cD (D'E). has  n" = j +  1 v e r t i c e s ,  and  
J 

i t s  d i m e n s i o n  i s  j ,  bu t  i t  i s  no l o n g e r  r e g u l a r .  E a c h  of the j v e r t i c e s  P '  m 
(1 --< m --< j )  l i e s  a l s o  at  a d i s t a n c e  d" = d '  f r o m  Po and a t  a d i s t a n c e  l" = l '  
f r o m  e a c h  o t h e r .  But the s i n g u l a r  v e r t e x  P o  i s  a t  a d i s t a n c e  d" = 1 f r o m  Po 

1 O 

and a t  a d i s t a n c e  [3 (2 j+  1 ) / 4 j ] ~  f r o m  the o t h e r s .  T h e s e  m e t r i c a l  p r o p e r t i e s  
(D) 

and (-/)'!D, E) a r e  s u m m a r i z e d  in t ab l e  4. of ~ ) j  J 

S ince  ~(D) and ~(D,  E) a r e  e q u a t o r i a l  p l a n e s  of O j ,  the s i m p l i c e s  

(D) and ~ . (D ,  E) ~)j a r e  s e l f  t r a n s f o r m e d  by a p o l a r  t r a n s f o r m a t i o n  with  
J 

r e s p e c t  to the  s p h e r e  of r a d i u s  R = [-  1 /2 j ]½ c e n t e r e d  a t  Po (cf. s u b s e c t .  
2 .1 .8) .  

Table 4 
Polar iza t ion  domains cD.(D) and (-D.(D, E) for diagonal and diagonal even density ma-  

J 3 
t r i ces  of spin j. Their  geometr ica l  shape is a (n-  D-dimensional  s implex with n v e r -  
t ices .  Each one of these ver t ices  l ies  at a distance d from the unpolarized s ta te ,  and 
at a distance l from each other.  The s impl ices  a r e  r egu la r ,  except for integer spin 
and even polar iza t ion,  for which a s ingular  ver tex  of the s implex l ies at a distance 

d o = 1 from the unpolarized state and at a distance l o from the other ver t i ces .  

(a) j = hal f - in teger  

n d l 

2 j + 1  1 [ ~ ] ½  O !D) 
] 

.~)~D, E) 

(b) j = integer 

2"+i~ 2j +1  1 I ~ . i l  

n d l d o lo  
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q 6 

P,' ~ 1 unit 

~ C  0o, ! 

Fig. 7. The tetrahedron P'oP1P2P3' ' ' ' is an example of a diagonal even polarization 
(D, E) domain q) j for j = 3. The shaded polygones QoQ1Q2Q3 and Q01 Q12 Q23 Q03 are 

respectively the intersection with, and the projection on the two-plane {T/2, T/4}. 

(D,E)  
4.1.3.  As an i l lustration, fig. 7 shows the d o m a i n ~ j  f o r j  = 3. It is  a r e  

g u l a r  p y r a m i d  with base  P'IP'2P'3 and apex  P0" A c c o r d i n g  to table 4, the 
poin t  0, r e p r e s e n t a t i v e  of the unpo la r i zed  s ta te ,  l i es  on the t e r n a r y  s y m -  
m e t r y  ax i s  at  d i s t a n c e s  ~ and 1 f r o m  base  and apex  r e s p e c t i v e l y .  Po in t  0 

! 

l i es  a l so  on tt~e perpen~t icular  f r o m  each  v e r t e x  Prn to the oppos i te  face  at 
d i s t a n c e s  [ ~]~ and [~2]~ f r o m  face  and v e r t e x  r e s p e c t i v e l y .  This  m e a n s  
that  the p y r a m i d  is self  t r a n s f o r m e d  1by a p o l a r  t r a n s f o r m a t i o n  with r e -  
spec t  to the sphe re  of r ad ius  R = [- ~]~ c e n t e r e d  at 0. 

In fig. 7 a r e  a l so  shown the po lygones  QoQ1Q2Q3 and Qo1Q12Q23Q03 
which cons t i tu te  the p r o j e c t i o n  on, and the i n t e r s e c t i o n  by the oblique p lane  
{7/2,774}. They a r e  consequen t ly  t r a n s f o r m e d  f r o m  each o the r  by the po l a r  
t r a n s f o r m a t i o n  induced in the plane {~/2, 7/4} with r e s p e c t  to the c i r c l e  of 
r a d i u s  R. 

Such i n t e r s e c t i o n s  and p r o j e c t i o n s  a r e  r e s p e c t i v e l y  d rawn in p a r t s  (a) 
and (b) of fig. 8, 9. The po lygons  labe l led  A, bB, cC, dD in fig. 8 c o r r e s p o n d  
to j =  1, 2, 3, 4, and those  l a b e l l e d A ,  bB, cC in fig. 9, to j =  ~, ~, 3. The 
po in t  l abe l led  X m in p a r t  (b) of figs.  8 (or 9) is  the p r o j e c t i o n  of the s imp lex  
v e r t e x  r e p r e s e n t i n g  the dens i ty  m a t r i x  whose  only non null e l e m e n t s  a r e  
Pro, rn, P-m, - m  (or Psrn, ~ P-srn,~ -½rn). The po lygons  in p a r t s  (a) and (b) 
of these  f i g u r e s  a r e  p o l a r  t r a n s f o r m s  of each  o the r ,  and the t r a n s f o r m  of 
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v e r t e x  X m in (b) is  the side label led x m in (a). 
4.1.4. Conditions in the product ion p r o c e s s ,  like B - s y m m e t r y ,  co l l inear i ty  

(D) 
and rank conditions (cf. subsect .  2.1.5), can reduce  the domains  ~/)j and 
cD(D,E) 

to d i f ferent  subdomains  accord ing  to the choosen quantization.  Fo r  
J 

ins tance ,  the p lanes  E(B) and ~ ( B , E ) o r B - s y m m e t r i c ,  even m a t r i c e s  
depend only on the or ien ta t ion  of the reac t ion  plane,  while the p lanes  E(D) 
and EW,/z'~ of diagonal  and even, diagonal  m a t r i c e s  depend on the d i rec t ion  
of the po la r  axis .  F o r  t r a n s v e r s i t y  one has  

T~ (D) c ~ (B) , (85) 

and the domains  To(D).  and T(~(D,E). a re  not reduced in the case  of B-  
J J 

s y m m e t r y  

~(B) (I T@(D) = T _(D) ~(B) () T~- D (D,E) = T@ !D,E) (85') 
j @j  , j J 

But for  hel ic i ty  quant izat ions  one has (cf. ref .  [2]) 

H ~  (D) (1 ~ (B) = H ~ ( D , E )  c_ E ( B , E )  (86)  

and the domain  HQ) (.D) r educes  to H Q) !D, E) in the case  of B - s y m m e t r y :  
J 3 

~ ( B )  ;) • = (I = . (86 ' )  H A ( D  ) ~(B) HcD!D,E ) H ~ ! D , E )  
J 3 3 

Final ly  for  a quant izat ion axis  oblique to the product ion plane,  one has  

o 6 (D) r~ (B) 
= Po (87) 

and the B-condi t ion r educes  the domain (/)(D). to the unpolar ized  s ta te  
3 

6(B):~ ~!D~'':~tB~" "n ~!D," E)=p (87') 
3 3 o 

In the case  of co l l i nea r  product ion,  and hel ic i ty  quantization,  the densi ty  
m a t r i c e s  a r e  diagonal  and both po la r i za t ion  domains  coincide: 

H E (D) = ~(C) , HcD(D ) = c/) (C) . (88) 

F o r  t r a n s v e r s i t y  quant izat ion (or for any quantization axis  oblique to the 
co l l inea r i ty  d i rec t ion)  these  s pace s  and domains  have only one common 
point: 

T~(D) (I 6 (c) = TcD(D) C l 0 (c) = Po " (89) 

The rank of the m a t c i c e s  r e p r e s e n t e d  by points  inside the s imp l i ce s  
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c0(D) cO(D,E) is max ima l ,  rank  p = 2j+ 1. For  points  on the boundary it j ' j 
is s t r i c t ly  s m a l l e r ,  and s imply  re la ted  to the d imens ion  k of the min imal  
k - face  containing p: 

k + l  f o r g ( D )  j ; (90a) 

2k + 2 for cO (D,. E) with ha l f - in t ege r  j, or  
J 

with i n t e g e r j  and k - f ace s  
rank p = 

non containing Po ; (90b) 

2k + 1 for  cO (D,. E) with in teger  j and k - f a c e s  
J 

containing Po • (90c) 

Rank conditions a r e  not useful  when one in t eg ra te s  o v e r  the az imutha l  
angu la r  d is t r ibut ion,  because  this p r o j e c t s  the po la r iza t ion  point on the 
equa tor ia l  plane ~(D).  But these condit ions can be powerful  for  ins tance in 
the case  of co l l inea r  product ion and hel ic i ty  quantization,  when one knows 
that,  accord ing  to eq. (88), the phys ica l  domain is the diagonal one. Then 
for  r eac t ions  of type (14), 

0- ÷½+ ~ j  +½ , (91) 

the densi ty  ma t r ix  p(j)  of the final meson  has  rank r ~< 3, and one knows 
that only its e l emen t s  P l l ,  P00, P - l - 1  can be non null. Analogously,  for  
r eac t ions  of type (15) 

0- +½+ ~ 0- + j ,  (92) 

the p(j) of the final baryon has rank r ~< 2, and only P½½ and p_~_~ ~ can be 
non null (cf. Adair  tes t  in ref .  [10]). 
4.1.5. The l inea r  mapping  of the space  C N into the space  ~t al lows to trans-,, 
la te  the cons ide ra t ions  above to the space  Of polar angle distributions Qj~Dj. 

In p a r t i c u l a r  the r e g u l a r  s imp l i ce s  c~) D)" a r e  mapped into s imp l i e s  

Xi(L ' j)c~(.D) = Xi(L ' j )  cO!D,E) (93) 
3 3 

which depend on the decfiy mode (i) = (1), (1'), (2). The di f ferent  d i la t ions  

Xi(L), along the axes  y~L) des t roy  their  regu la r i ty .  

4.2. Spin tests f rom polar angle distribution 
Let  us  apply the cons ide ra t ions  of the p reced ing  subsect ion to the spin 

de te rmina t ion  of a pa r t i c l e  whose decay mode is (i) = (1), (1') o r  (2). The 
ana lys i s  of the angu la r  d is t r ibut ion  in 0, the po la r  angle with r e spec t  to  

any well defined di rec t ion,  supplies  the diagonal  mul t ipoles  y;L)'- (el. table 

2), i.e. the p ro jec t ion ,  y (D), of the angula r  d is t r ibut ion r e p r e s e n t a t i v e  
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po in t ,  y e QJ , on the p o l a r  ang le  d i s t r i b u t i o n  s p a c e  c~(D). We a s s u m e  tha t  

( L ) ¢  0 u p  to L =  L > 2, and tha t  one one h a s  m e a s u r e d  in th i s  w a y  s o m e  Y0 o 

h a s  c h e c k e d  the p a r i t y  c o n s e c r a t i o n  in  the  d e c a y  and  e v e n t u a l l y  in the  p r o -  
duc t i on  p r o c e s s e s  (cf. s u b s e c t .  3 .2 .1 (i) and  (ii)).  Then  the p r o c e d u r e  fo r  
sp in  d e t e r m i n a t i o n  i s  the fo l lowing :  

(i) the  only c o n s e q u e n c e  of a n g u l a r  m o m e n t u m  c o n s e r v a t i o n ,  fo r  any  
a s s u m e d  sp in  j ,  i s  tha t  the po in t  y(D) m u s t  b e l o n g  to the  c o r r e s p o n d i n g  
diagonal p o l a r i z a t i o n  s i m p l e x  

y(D) X/(L, j )  ~ ( D )  (94) • j ' 

w h o s e  v e r t i c e s  can  be o b t a i n e d  f r o m  t a m e  5 (a), and  f r o m  the  d i l a t i o n  
c o e f f i c i e n t s  Xi(L, j )  g iven  in t a b l e  1. Cond i t i on  (94) i s  e q u i v a l e n t  to the 
p o s i t i v i t y  of the d i a g o n a l  d e n s i t y  m a t r i x  e l e m e n t s ,  P(J)m,m >~ 0, which  can  

be  c o m p u t e d  f r o m  the  m e a s u r e d  y;")'" by  m e a n s  of t a b l e s  1 and 2, and e q s .  

(37) and  (39). Cond i t i on  (94) can  t h e r e f o r e  be u s e d  a s  sp in  t e s t s  in an 

Table 5 
Coordinates and equations for the figures of sect .  4. 

(a) The coordinates  of any ver tex  Pm of the diagonal polar izat ion s impl i ces ,  like that 
shown in fig. 7, are :  

??L=(_)j-m [(2L+l)(2j+l)/2j]½( j j L ) .  
m - m  0 

In pa r t i cu la r  the two coordinates  for the ver tex  X m of the polygons ~)(~' 4) obtained 

by project ion of these s impl ices  in figs. 8 (b), 9 ( b ) . . .  12 (b) a re :  

??2 _ ~ 2  I I = 5~j- l[ j ( j+1)-3m2] [(2j +3) (2j+2) (2 j -  i)] -~ 

U 4 = ~t 4 3j -1 [3(j + 2) (j  + i)  j(j  - i) - 5(6j 2 + 6j - 5) m 2 + 35m 4] 

1 
x [(2j+ 5) (2j+ 4) (2j+ 3) (2j+ 2) (2j - i) (2j - 2) (2j - 3)] -~ . 

Fo r  figs. 8 and 9, the p a r a m e t e r s  ~L rep resen t  /22 =124 = 1, and for figs. 10, 11 and 

12 /2L = ~ i(L, j ) /~L  with the numer ica l  values of ~ti(L , j) given in table 1. 

(b) The polygons of the in tersect ions  @ !2,4) shown in figs. 8 (a), 9 ( a ) . . .  12 (a) a r e  
J 

obtained from those in figs. 8 (b), 9 (b ) . . .  12 (b), by a polar  t ranformat ion with r e -  
spect  to the e l l ipse  

(??4/~4)2+~. = 0 . (?72/g2)2 + 

We reca l l  that the equation of the s t ra ight  line xrn polar  t ransform of the point 
z m  = (x 2 ??o 2 ' x4  ??o 4) is:  

4 4 1 (~2)-2 ??2??2+ (p4)-2 ??o?? + ~  = 0 . 
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Table 5 (continued) 

(c) The "parachute-shaped" domains CL)(d' 4), A(2,4), and "bullet-shaped" domains 

~ (2 ,  4) "~(2,4) in fig. 13 are common to figs. 10, 11, 12 (a) and (b) respectively. 
The ,parachute-shaped" domains are bounded by the ellipse 

18 (?? 4//24)2 + 3 (?/2/# 2)2 _ 2 ~5-(?? 4//24) (??2//22) _ 14 (?? 4/#4) = 0 , 

and the two segments PTI, PT 2 tangent at T 1 and T 2 with 

p = (??2 x/5-, -/2 4 4/7) , T 1 = (-/2 2 10/7 ~ / 2  4/7 ) , T2 = (#2 20/7 ~-, /2 4 8/21) . 

The "bullet-shaped" domains are bounded by the parabole 

7(?? 2//22)2 - 6(??4//24) - 2 ~/~(?72/#2) _ 7 = 0 , 

between the points 

P1 = (/22 ~~'  /223) , 

and by the segment P1P2 . 
The values of #2,  #4 are 

4 ~ #  2 = - 1 / 2 ~ ,  4~-~-~ # 4 = 3/8;t 4 

P2 = (- #2 ~/-5/2, #49/8) , 

for cL ) ~, 4) 4 (2,4) , "~oo  (solid line diagrams) , 

4~-~# 2 = 1/~  y , 4,/~ # 4 = 1/X t for A(2,4) , •(2,4) (dashed line diagrams) . 

These domains CD and ~ and these domains A and X are polar t ransform from each 
other with respect  to the ellipse or circle 

(??2/#2)2+ (??4/#4)2 = 1 . 

a l g e b r a i c ,  bl ind way.  We will p r o p o s e  a pa r t i a l  app l ica t ion  of condi t ion 
(94), which  v i s u a l i z e s  the potent ia l  power  of e x p e r i m e n t a l  da ta  for  spin 
de t e rmina t i on .  

(ii) Le t  us d i s t ingu i sh  two c a s e s :  

(a) one has  o b s e r v e d a l l y t n  L)'~ = 0, f o r L  ~ 2, 4; 

02 (41 (b) one knows only_ or  takes  ~,,°nly into, A accoun t  the m e a s u r e d  y ) and Y0 ' 

Le t  us cal l  in both c a s e s  y = (y~n "), y ~ " ) ) t h e  m e a s u r e d  point  ( a ) l y i n g  in or  
v v 4 

(b) p r o j e c t e d  on the p lane  spanned by y~2) and Y~ ), which we label  

{~2??2, ~4774}. 
(iii) Check first of all the positivity of the polar angle distribution, i.e. 

that 3? belongs to 

(a) the intersection of A (D) by {~2??2- ~4??4};- 

(b) the p r o j e c t i o n  of A(D) on 'l i ?? 

This  i n t e r s e c t i o n  and this p r o j e c t i o n  a r e  the " p a r a c h u t e - s h a p e d "  and 
" bu l l e t - shaped"  dot ted  d i a g r a m s ,  which a r e  shown in fig. 13, and sugges t ed  
r e s p e c t i v e l y  in p a r t s  (a) and (b) of f igs .  I0, 11 and 12. 
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Fig. 13. The four diagrams in this figure are common to figs. 10,11,12. The dashed 
line diagrams show the "parachute-shaped" intersection and the "bullet-shaped" 
projection for the two plane k2~2, k4zl 2iof the positivity domain A(D) of the polar 
angle distribution. The solid line diagrams are the intersection and projection of the 
diagonal polarization domain ~tc~ (ooD). Note that the polar t ransform of the points P I '  

P2 are the tangents PT1, P T  2. 

(iv) Study the r e l a t i v e  pos i t i on  of ~ with r e s p e c t  to 

(a) the i n t e r s e c t i o n  of ~t i ~)~D)" by {~t ~? 2 , -  4 4 
• ~ t i ~  }, 

(b) the p r o j e c t i o n  of h i O !D) on {~t2~? 2, ~t4V 4 }, 
2 

w h e r e  ~t. (D!D) is  the j - d e p e n d e n t ,  d iagona l  p o l a r i z a t i o n  doma in ,  m a p p e d  
g 

into the s p a c e  of a n g u l a r  d i s t r i bu t ion ,  for  the decay  m o d e  (i). T h e s e  i n t e r -  
s e c t i o n s  and p r o j e c t i o n s  a r e  shown in f igs .  10, 11 and 12, fo r  d e c a y  m o d e s  
(i) = (1), (1 ')  and (2) r e s p e c t i v e l y .  We shal l  c o n s i d e r  t h e m  s e p a r a t e l y  below. 

(v) Note that  the p r o c e d u r e  (i) to (iv) can be used  fo r  any cho ice  of p o l a r  
ax i s .  It  wil l  fo r  i n s t a n c e  supply  t h r e e  independen t  t e s t s  if one c h o o s e s  
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t r a n s v e r s i t y ,  s - h e l i c i t y ,  o r  t - h e l i c i t y  quan t iza t ion  axes .  F u r t h e r m o r e ,  if 

(L) for  any s y s t e m  of quan t iza t ion  axes ,  one m e a s u r e s  all  the mu l t i po l e s  YM 

one can t r a n s f o r m  these  m e a s u r e m e n t s  by conven ien t  r o t a t i o n s  and apply 
the p r o c e d u r e  ( i ) -  (iv) to al l  pos s ib l e  c h o i c e s  of po la r  axis .  

4.2.1.  D e c a y  mode (1): j ~  0 + 0 .  

Case (a) The  i n t e r s e c t i o n  of the s i m p l i c e s  X 1 ~(D,. . E) by the two-p lane  
J 

{X~/2 , . -  X~?4}A a r e  shown in fig. 10 ( a ) f o r  j = 1, 2, 3, 4, oo and a r e  r e s p e c -  
t ive ly  l abe l led  by the l e t t e r s  A, bB, c, d and z. Note that  the s e g m e n t  A o A  1 

E) 
and the i s o s c e l e s  t r i ang l e  BoB1B 2 r e p r e s e n t  the whole d o m a i n s  X l ~  ~ '  

and X ~ ( D ,  E) 1 2 r e s p e c t i v e l y .  

If the e x p e r i m e n t a l  point  ~ fa i ls  n e a r  A0  the spin m u s t  be j = 1, and if 
it fa i l s  n e a r  B 0 or  B1, it m u s t  be j = 2. T h e r e  a r e  a l s o  sma l l  r eg ions  
which e s t ab l i sh  j --< 3, j ~< 4 . . .  On the o ther  hand it is  d i f f icul t  to give a 
l o w e r  l imi t  fo r  the spin.  And if ~ fa l ls  n e a r  A1, the t e s t s  is c o m p l e t e l y  
p o w e r l e s s .  Indeed the po lygon  s ides  bo, Co, d o , . . ,  z o lie all  in the s a m e  
s t r a i g h t  l ine,  the c o m m o n  boundary  i m posed  by the pos i t iv i ty  of the c e n t r a l  
dens i ty  m a t r i x  e l e m e n t  Poo >~ 0. Note that a v io la t ion  of this  bounda ry  
c o m e s  f r o m  an a n g u l a r  d i s t r i bu t ion  which is nega t ive  for  s o m e  value of 0, 
s i nce  B1B 2 is  a l so  b o u n d a r y  of the dot ted " p a r a c h u t e - s h a p e d "  domain .  

Case (b) P a r t  (b) of the fig. 10 shows the c o r r e s p o n d i n g  p r o j e c t i o n s  of 
E) 

the s a m e  s i m p l i c e s  Xl@ . Note that t he re  a r e  st i l l  r eg ions  which can 
J 

e s t a b l i s h  j = 1 (near  A0), j = 2 (near  B 0 o r  B 1) and e v e n j  = 3 (near  C2). It 
is  i n t e r e s t i n g  that  if ~ fa l l s  in the ne ighborhood  of B2, C3, D4 • • • Zoo a 
l o w e r  l imi t  fo r  j can  be e s t ab l i shed .  

In the c a s e  of c o l l i n e a r  p r o d u c t i o n  in a r eac t i on  of the type (91), and for  
he l i c i ty  quant iza t ion ,  the a l lowed r eg ions  for  ~ a r e  the s e g m e n t s  A o A  1 
BOB1, CoC1, D o D 1 , . . .  Z O. This  could fix an upper  l imi t  to the spin. 

4.2.2. Decay mode (I'): jW ~j~71 +0W0 with W71~70 = (- 1)J. 

Case (a) The intersections of the simplices Xl, ~!D, E) shown in fig. 
J 

11 (a) are smaller than those in fig. 10 (a), and therefore they supply in 
general weaker spinA tests. Nevertheless it is interesting that some 
negative value of X~o74 establishes j = 2, and that some big absolute value 
of the same X4, W4 excludes j = 3. Note that now it is the boundary given by 
Pli >~ 0 which lies in the same straight line for the different spin values. 
But the corresponding domains do not superpose each other on this line. 

Case (b) The projection of the simplices XI' o(D' E) j a r e  shown in fig. 

I t  (b). T h e r e  is s t i l l  n e a r  B 0 a r eg ion  which could e s t a b l i s h  j = 2, and 
l a r g e  r eg ions  which could give l ower  l im i t s  for  j .  

In the c a s e  of c o l l i n e a r  r e a c t i o n  of type (91) the a l lowed  r eg ions  A0A 1 , 
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BoB1, CoC1, D o D 1 , . . . Z  0 are  more  c lear ly  distinguished than in fig. 
10 (b). 

4.2.3. Decay mode ( 2 ) : j - -  ½+0. 

Case (a) The in tersec t ions  of the s impl ices  h2 •.(D,E) shown in fig. 
3 

12 (a) a re  in some way s imi la r  to those shown in fig. 10 (a) for spin ha l f -a -  
unit g rea te r .  They presen t  the same common boundary and no test is 
possible  near  A 3. 

Case (b) The projec t ions  of h2 O (D,. E) shown in fig. 12 (b) can supply a 
3 

lower l imit for j. 
In the case of col l inear  react ion of type (92) and helicity quantization, 

only the points A1, B 1, C 1 . . . Z  1 are  allowed. The his tor ica l  test  proposed 
by Adair  [10], has yielded spin j = ½ for A ° by a polar izat ion point y near  
the point O, c lear ly  separated from A 1 . . .  Z 1. Note that for higher spin 
this test  is not so c lear  cut. 

Table 5 gives the coordinates  and equations for all the f igures  of sect.  4. 
The f i rs t  express ion  in its par t  (a) can be used for studying higher 

pro jec t ions  of the s impl ices  h. (b (D),. since it gives all the coordinates  for 
z 3 

their  ver t ices .  

5. CONCLUSION 

We have studied separa te ly  each of the three decay modes (i). However 
one should never  forget  that a par t ic le  can have competing decay modes of 
different types. Their  s imultaneous observat ion may lead to powerful spin 
tests .  Consider,  for instance,  a meson resonance with the two competing 

decay modes (1) and (1'). The " (L) coefficients of the two angular d is t r ibu-  YM 

tions of the decay products  f rom the same decaying state are  propor t ional  
(see subsect.  2.2.2 and table 1). Indeed: 

y(L)(1) XI(L ' j)  (2 j+ l )  j j 1 = 1- 2 ~ + 1 )  " (95) 

As far as we know this formula  was f i rs t  obtained by de Rafael [11], who 
proposed this test for the A 2 meson. 

As a general  rule,  the more  an angular  distr ibution is isotropic,  the 
less  it is expected to be useful for spin determination.  However a quite 
anisotropic  angular  distr ibution may also be disappointing, f rom the point 
of view of spin test, as  some of our f igures  show. 

Since most  of the new resonances  are  not very  sharply defined, we a re  
aware of the difficulties which ar i se  for the interpreta t ion of exper imental  
resul ts .  It is however astonishing that all the consequences of angular  
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m o m e n t u m  and p a r i t y  c o n s e r v a t i o n  a r e  not  g e n e r a l l y  u s e d  in the  e x p l o i t a -  
L . 

t i on  of the  d a t a .  F o r  e x a m p l e ,  if t h e r e  a r e  non v a n i s h i n g  Y M  in the  a n g u l a r  

d i s t r i b u t i o n  of a d e c a y  of type  (i), on ly  up to L = L o $, e v e r y  one knows tha t  
the  sp in  j of the d e c a y i n g  p a r t i c l e  s a t i s f i e s  j > ½L o. But one can  s a y  m o r e ,  
and  o u r  p a p e r  g i v e s  the r e l e v a n t  c r i t e r i a  for  e s t a b l i s h i n g  the p o s s i b l e  
v a l u e  of j .  

We have  a p p l i e d  fo r  o u r s e l v e s  the m e t h o d s  of t h i s  p a p e r  to a n a l y z e  s o m e  
p u b l i s h e d  da ta ,  but  we f e e l  tha t  such  an a n a l y s i s  canno t  be  k e e n l y  p e r f o r m e d  
wi thou t  the  c o l l a b o r a t i o n  of the e x p e r i m e n t a l  a u t h o r s .  

E a c h  a u t h o r  i s  g r a t e f u l  to the o t h e r  t w o ' s  i n s t i t u t i o n s ,  fo r  m a k i n g  the 
m e e t i n g s  p o s s i b l e .  P .  M i n n a e r t  t h a n k s  a l s o  the  F r e n c h  " C o m m i s s i o n  d e s  
G r a n d s  A c c ~ l ~ r a t e u r s " .  M. G. D o n c e l  b e n e f i t e d  by  an  i n v i t a t i o n  to the IHES,  
and a c k n o w l e d g e s  the  p a r t i a l  s u p p o r t  of the  S p a n i s h  "Grupo  I n t e r u n i v e r s i -  
t a r i o  de F f s i c a  T e b r i c a " .  The  a u t h o r s  a l s o  thank  H e w l e t t - P a c k a r d ,  F r a n c e ,  
and  i t s  d i r e c t o r  P .  A r d i c h v i l i ,  for  t h e i r  he lp  wi th  the  d e s k  c a l c u l a t o r  and 
p l o t t e r  u sed  fo r  the  f i g u r e s .  

APPENDIX 

A. 1. Invariance of  ~ q)4 by polar t rans format ion  
In the s p a c e  ~ N + l , ' w i t h  o r i g i n  O and s c a l a r  p r o d u c t  (5), c o n s i d e r  the  

cone  C of non n e g a t i v e  m a t r i c e s ,  wi th  v e r t e x  a t  O. We r e m a r k  tha t  if  
O ¢ P l ,  P2 ~ C , then  t r  PlP2 >~ 0. The  e q u a l i t y  a p p e a r s  if and only if bo th  
Pl  and  P2 have  r a n k s  s t r i c t l y  s m a l l e r  than  2 j +  1, i . e .  P l ,  P2 b e l o n g  to OC, 
the  b o u n d a r y  of C , and  f u r t h e r m o r e  P lP2  = P2P l  = 0. (Cf. e .g .  r e f .  [1, 2].) 
To s u m m a r i z e ,  the c o n d i t i o n s  

0 ¢ P l ,  02  • C , t r P l P  2 = 0 , A(1) 

i m p l y  

P l , P 2  • ~C , PlP2 =P2Pl = 0 ,  r a n k P l + r a n k p  2~< 2 j + l  . A(2) 

We s h a l l  u s e  a m o r e  g e o m e t r i c a l  a p p r o a c h .  L e t  us d e n o t e  by Tp the  
h y p e r p l a n e  t h rough  O p e r p e n d i c u l a r  to the  s t r a i g h t  l i n e  pO. If Pl • aC ,  
then  i t  has  one  o r  s e v e r a l  z e r o  e i g e n v a l u e s  and the H e r m i t e a n  p r o j e c t o r s  
on the  c o r r e s p o n d i n g  e i g e n s t a t e s  b e l o n g  to Tpl  N ~ .  M o r e o v e r  a l l  v e c t o r s  

of t h i s  i n t e r s e c t i o n ,  l i k e  P2 '  s a t i s f y  eq. A(1) and t h e r e f o r e  eq. A(2). In the  
l a n g u a g e  of c o m p l e x  p r o j e c t i v e  g e o m e t r y ,  a e  i s  s e l f  c o n j u g a t e d  wi th  
r e s p e c t  to S, the  null  r a d i u s  s p h e r e  c e n t e r e d  at  O; m o r e o v e r  c o n j u g a t e d  

, A s  a matter of fact, the "ly  l often decrease  with L while the errors  on --ly  L 

increase  with L. So for L > Lo, it would be more r igorous  to say  that the values 

of the " (L) compatible with zero.  ] M  are  
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points of Q have the p rope r ty  A(2). T h e r f o r e ,  if H is any hyperp lane  of 
CN+I, cutting G ,  the in te r sec t ion  H ~ ~ is self  t r a n s f o r m e d  by the po la r  
t r an s fo rma t ion  with r e s p e c t  to the imag ina ry  sphe re  S H = H ;-I S. In p a r t i c -  
u lar ,  for  the hyperp lane  C N whose d is tance  f r o m  O is 

tOpoi = [ t rp  ]2 = [2 j+  1] , a (3 )  
the corresponding sphere, S N ;~ C N is the imaginary sphere of center Po 

1 

and radius  [- 1/(2j + 1)]~. With the r enorm~l iza t ion  of the me t r i c  defined by 
• 1 

equation (9) this radius  becom es  [ - ] / 2 j ] ~ .  Since we have ~ j  = aG ;q CN' 
we have proven:  

Theorem 1. The boundary ~ ~ is invar iant  by the polar  t r an fo rma t ion  
, 1  . 1 

with r e s p e c t  to the imag ina ry  spt iere  S N of cen te r  Po and radius  [- 1/2j]~.  
Moreove r  if Pl ,  P2 • ~ ~ j  a r e  conjugated with r e spec t  to SN, they sa t i s fy :  
rank  p] + rank P2 "-< 2j + 1. 

7¢e remind  the r e a d e r  that this polar  t r a n s f o r m a t i o n  is also the product  
of the polar  t r a n s f o r m a t i o n  with r e s p e c t  to the rea l  s p h e r e  of cen te r  Po 

/2 j ]~ ,  and the ref lec t ion  through the point Po. and radius  [l " 
Let  Pi the or thogonal  p r o j e c t o r  in CNon the k -p lane  Pi CN which 

contains Po. F r o m  t heo rem  1, by e l e m e n t a r y  geome t r i ca t  a r g u m e n t s ,  we 
deduce: 

Corollary 1. The in te rsec t ion  ~(3 i ~i Pi CN = a (~ j  I~ Pi CN) and the 
pro jec t ion  Pi ~ j  = aPi ~ j  a re  po la r  t r a n s f o r m  of each other  with r e spec t  
to the sphe re s  S N I~ Pi dN" 

We will give a second proof of this theorem and its co ro l l a ry ,  in o r d e r  
that they become  m o r e  intuit ive to r e a d e r s  untrained in complex  p ro jec t ive  
geomet ry .  

As we have seen  the (2j + 1) by (2j + 1), _trace one, He rmi t ean  m a t r i c e s  
R fo rm a Eucl idean space  CN(N = (2j+ 1) 2 -  1) and this spac.e,, can be 
spanned by an or thogonal  bas i s  f o r m e d  by the m a t r i c e s  Q(j)~I ), 1 -< L -< 2j, 

- L  ~< M -  < L,  introduced in the eqs. (43). These  m a t r i c e s  sa t i s fy :  

Q(j)(L M) =Q(j)(M L)* , trQ(J)(M L) = 0  , A(4) 

Q(j)(L M) Q(j)(ffi ) . . . .  (L)T = = ~[J~M for  M >/ 0 , A(5a) 

• (L )  ( £ )  . . . .  ( L ) T  
Q ( J M  : -Q(J)M = -~[J~M for  M <  0 ,  A(5b) 

t r  Q(j)(M L) . (L')  2j+ 1 A(6) 
Q(J)M' - 2j 6LL' SMM' " 

The expansion of R e C N on this bas i s  is:  

2j +£ 
l (~1+ 2j ~ ~ (L) ~, .~(L),  

= - -  r M ~ 3 ,  M j , A(7) R 2 j + l  L=] M=-L 
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and thus 

Note  that  

With this  v e c t o r  one can build the m a t r i x  

Q ( j , u )  = ~ ~ u . A ( l l )  
L=I M=-L 

Using  eqs.  A(4) and A(6) one shows  that  Q(j,  u) has  the p r o p e r t i e s :  

Q( j ,  u)* =Q( j ,  u) , t r  Q(j ,  u) = 0 , A(12) 

t r Q ( j , u ) Q ( j ,  u') 2 j + 1  ~ (L) (M L) = 2j u M u' , A(13) 
L , M  

and one deduces  that  the l a r g e s t  and s m a l l e s t  e igenva lues  of Q(j ,  u ) ,  noted 
t~(j, u)  and - v(j ,  u)  sa t i s fy  the inequa l i t i e s  

- 1  ~< - v ( j ,  u ) < O < tt ( j ,  u )  --< 1 . 

Q(j, - u)  = - Q(j,  u )  , A(15) 

v ( j , -  u)  = Ix(j, u) . A(16) 

Le t  us c o n s i d e r  the t r a c e  one,  H e r m i t e a n  m a t r i c e s  R(u ,  ~t) defined by 

1 
R(u ,  X) = 2 - ~  (11 + 2j x V ( j ,  u))  , x r e a l  . A(17) 

(i) The  one d i m e n s i o n a l  s u b s p a c e  of ~ N  g e n e r a t e d  by u is the se t  

{R(u)}  : { R ( u ,  X)[-oo ..< X -<< oo}. A(18) 

(ii) The  i n t e r s e c t i o n  {p(u)}  = ~)j  A {R(u)}  of the pos i t iv i ty  domain  ~ j  
with this  one d i m e n s i o n a l  s u b s p a c e  is the subse t  of non nega t ive  m a t r i c e s :  

A(14) 

and its c o o r d i n a t e s  a r e  the s c a l a r  p r o d u c t s  

r(LM) = (p, Q(j)(LM)) =- trpQ(j)(LM ) . A(8) 

Since the m a t r i c e s  Q(j)!L)  a r e  H e r m i t e a n ,  the i r  e igenva lues  a r e  real .  We 

note  p ( j ,  L, M)  the largest'V1 e igenva lue  of Q(j)~I  ) ' "  and - v( j ,  L,  M) i ts  s m a l l e s t  

one .  F r o m  eqs.  A(4) and A(6) we deduce  the r e l a t i ons  

-1--< - v ( j ,  L, M) < 0 < ~(j,  L,M)--< 1 , A(9) 

w h e r e  the equa l i t i e s  hold for  j = ½ only.  

Le t  u be a unit v e c t o r  of ~ N  and u(ML) i ts  r e a l  c o o r d i n a t e s :  

2 2j  +L (_L_)2 
u - ~ ~ u = 1 . A(10) 

M 
L=I M=-L 
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: {R<u,  - b(u> x ~ a(U)}  , A ( 1 9 )  

where  the ex t r em a l  va lues ,  deduced f r o m  the posi t iv i ty  of the e igenvalues  
of R ( u ,  ~) a r e  

-1 1 
- b ( u )  - 2 j ~ ( j ,  u )  ' a ( u )  - 2 j  u ( J ,  - u )  " A(20) 

(iii) The p ro jec t ion  {P u  (~j } of the posi t iv i ty  domain O j  on the one 
d imens iona l  subspace  {R(u)} is the subset  

(P u  ~ j }  : { R ( u ,  )~)1 -b ' (u)  --< X ~< ~(u)} , A(21) 

where  the e x t r e m a l  values  a re ,  accord ing  to eq. A(8), 

-b~(u) = Min t r p Q ( j ,  u ) ,  ~(u)  = Max t r p Q ( j ,  u ) .  A(22) 
p e -g j  p e (~j 

These  ex t r ema l  va lues  a r e  reached  when p is  chosen as  ttie r ank  one p ro -  
j ec to r  of the e igenvector  of Q(j,  u) ,  for  i ts  s m a l l e s t  and l a r g e s t  eigen- 
va lues ,  so 

- ~ ( u )  = - p ( j ,  - u )  , Y ( u )  = ~( j ,  u )  . A(23) 

We r e m a r k  that 

~(u) ~(u) 
a ( u ) ~ b ( u )  = 2 j l z ( j ,  u ) g ( j ,  - u )  > 0 , A(24) 

- b(u)~(u) = -b(u)a(u) - -1 A(25) 
2j" 

The boundary 0 cI)~ of cI)~ is the set of points {ua(u)} for all unit vectors 
u. The convexity of'<Z)j implies that for each unit vector u, there are at' 
most two hyperplanes perpendicular to u and tangent to cZ)~. The points 
u'~(u) and - u b(u)  = - u ~ ( -  u) a r e  the feet  of the perpendicuJlars  f rom Po to 
these  t~vo tangent p lanes .  The set  of points  {u~'(u)} is  cal led the pedal  
su r f ace  $ of ~ ) - .  Eq. A(25) shows that ~(Dj and i ts  pedal  su r face  a r e  t r a n s -  
f o rmed  of each 3other by the invers ion  in the sphere  S N of cen te r  Po and 
i m a g i n a r y  rad ius  [- 1/2j]½. Since the i n v e r s e  in S N of the pedal  su r face  of 
any su r face  ~ is the po la r  t r a n s f o r m  of ~ with r e s p e c t  to SN, this p r o v e s  
the f i r s t  p rope r t y  of t heo rem 1. 

Let  u ' a ( u ' )  be a point of 0q)j conjugated of u a ( u )  i .e. u • u ' a ( u ) a ( u ' )  
= - 1 / 2 j .  This  i m p o s e s  that the m a t r i c e s  p '  and p r e p r e s e n t e d  by these  
points  (cf. eq. (9)) sa t i s fy  

2 j + l  t r ( p _ p o ) ( p , _ p o )  = - 2 ~  
2j 

which is  equivalent  to t r p p '  = O. This  ends the second proof  of t heo rem 1. 
Let  Pi  be the or thogonal  p ro j ec to r  in ~ N  on ~ i  = P i  ~N, a k-plane  which 

In French, "la podaire". 



M.G.Doncel et al., Rigorous spin tests 523 

c o n t a i n s  Po- Our  second  p r o o f  shows exp l i c i t l y  that  the  i n t e r s e c t i o n  
~i  O Q)j i s  the i n v e r s e  in S i = SN~ i of the peda l  c u r v e  of the p r o j e c t i o n  

Pi ~Q)j = ~Pi (3 i ,  so for  any k -p l ane  El, i n t e r s e c t i o n  and p r o j e c t i o n  of O(Dj 
a r e  p o l a r  t r a n s f o r m s  of each  o the r  with r e s p e c t  to S i. 

We now s tudy s o m e  spec i a l  p r o p e r t i e s  of the d i r e c t i o n s  of the o r t h o n o r -  

m a l  b a s i s  of the Q(M L). When u h a s  only one non v a n i s h i n g  c o m p o n e n t ,  

u ( ~ ) = l ,  we deno te  the  a(u), ~d(u), b(u), b ( u ) b y  a(M L), a~ML), b(ML), b(M L). 

Eq. (38) shows  tha t  a r o t a t i on  a round  the  quan t i za t ion  ax i s ,  by an ang le  
. , ( r )  

¢~/4M, ¢2 = 1, m u l t i p l i e s  T(j)  ) by £i,  and eq. (43) shows tha t  the  Q(J~M 

a r e  t r a n s f o r m e d  a c c o r d i n g  to the law: 

M ¢  O, Q(j)(M L)--*-£(sign o fM)  Q(j)(LM ) _  . A(26) 

M L ~ , .~(L)  . . . .  (L) a r  T h i s  shows ,  fo r  M e  0, tha t  Q(j) ), e/ tJ ,_M, - ~ / t j ] M  e con juga ted  by 

D(J)(n3, ~I/4M); h e n c e  they  have  s a m e  e i g e n v a l u e s  and t he i r  se t  of e igen-  
v a l u e s  is  i n v a r i a n t  by m u l t i p l i c a t i o n  by -1 .  In p a r t i c u l a r  for  

M e  O, v( j ,  L ,M)  = v ( j , L , - M )  = • ( j , L , M ) =  ~(j, L , - M )  A(27) 

and f r o m  eqs .  A(20) and A(23)* fo r  

= = = _ ; b_M =u M =~ . A(28) 

T h e  r o t a t i o n  of -n  a r o u n d  the  second  ax i s  i s  r e p r e s e n t e d  by 

M = F ( j ) M ,  = (_ 1)J-M A(29) D(J)(n2' - n)M' 5M, -M' " 

• , (L) (M L) .  the  equa l i t i e s  A(28) I t  t r a n s f o r m s  Q(J)M into (- 1 ) L Q ( j )  So A(27) and 

can  be ex tended  to the c a s e  M = 0 fo r  odd L.  

A.2.  Invariance of ~a by polar transformation 
We c o n s i d e r  the r e a l  m e a s u r e s  on the  unit  s p h e r e  ~2 of the  t h r e e - d i m e n -  

s iona l  s p a c e .  T h e  m e a s u r e s  which  s a t i s f y  

f f d a  = 1 A(30) 

f o r m  a v e c t o r  s p a c e  c ~  D Q J ,  with the s a m e  o r ig in  9 o a s  Q] (cf. eq. (27)). 
T h e  n o n - n e g a t i v e  m e a s u r e s  of c ~  f o r m  a c o n v e x  d o m a i n  A- ,  the  c l o s u r e  of 
A. The  e x t r e m a l  po in t s  of A- a r e  the  D i r a c  m e a s u r e s  5¢0, w e ~.  

L e t  v be  a r e a l ,  n o r m  one,  bounded funct ion of the H i l b e r t  s p a c e  QJ' 
(cf. eq. (26)): 

( v ,  v) = fv2d~ = 1 , A(31) 

[12] the second par t  of eq. A(28) is proven and numerical  values of ~'(M L) are  In ref. 
given for j --< 2. 
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- v(v) = Min v(w)  = v ( w  m)  f in i t e  , A(32a)  

such  tha t  

tz(v) = Max v(¢o) = v ( w  M) f in i t e  , A(32b) 
t o e  ~ 

1 
- ~ + v e  Q/ , i . e .  fvd~ = 0 . A(33) 

F r o m  eqs .  A(32) and A(33) one d e d u c e s :  

- u(u)~< O ~  tz(v) , A(34) 

u(- v) = tz (v) . A(35) 

L e t  us c o n s i d e r  t he  func t i ons  F (v ,  M e q j  : c ~  d e f i n e d ' b y  

F(v ,  ~) = 4 ! +  Xv , ~ r e a l  . A(36) 

(i) T h e  one d i m e n s i o n a l  s u b s p a c e  of Q:/ g e n e r a t e d  by v i s  the  se t  

{F(v)} : {F(v, X)] - oo ._< k --< oo} . A(37) 

(ii) The intersection {~ (v)} = A (} {F(v)} of the angular distribution 
domain A with this one dimensional subspace is 

{ ~ ( v ) }  = { F ( v ,  k)} - b(v) ~< X ~< a(v)} , A(38) 

w h e r e  the e x t r e m a l  v a l u e s ,  d e d u c e d  f r o m  the p o s i t i v i t y  of Q(v) a r e  

1 1 
b(v) - 4n•(v) ' a(v) - 47m(v) " A(39) 

be  the  p r o j e c t o r  on the  one d i m e n s i o n a l  s u b s p a c e  {F(v)} of (i i i)  Let P v  

P v f  = v ( v ,  f )  = v f vfd~ . A(40) 

The  p r o j e c t i o n  {Pv A - }  of the  c l o s u r e  of the  a n g u l a r  d i s t r i b u t i o n  d o m a i n  on 
the  one d i m e n s i o n a l  s u b s p a c e  {F(v)} i s  

{ P v  a - }  = - -< 

with  

- b ( v )  = Min (v, f )  = f  V6wm 
f ~ Z x -  

d(v) = Max (v, f )  = f V S w M  
f e A -  

Note  tha t  P v A -  i s  the  c l o s u r e  of P v A .  
F r o m  eqs .  A(35) and A(42) one d e d u c e s :  

d ~  = v ( t O r n ) = - v ( v )  , 

A(41) 

J 

A(42a) 

d~2 = v ( w  M) = ~(v) . A(42b) 
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~(- v) : ~(v) , A(43) 

~(v) b(v) = 4~p(v) u(v) > 0 A(44) 
a(v) - b(v) 

1 A(45) - b ( v )  f f ( v )  = - b ( v )  a ( v )  = - 4 ~  " 

So, for  any finite dimensional  space ~]i = Pi ~]~ ~], we conclude that 
A N" ~ i  and Pi A a r e  polar  t r a n s f o r m s  of each o ther  with r e spec t  to the 
sphere  of radius  R = g ~ - ~ ,  cen te red  at the origin ~o -- 1/4~ of Q~. 

A.3. Dipole intersection 3 !  1) and projection @!1) J J 
F or  L 1, the Q(j)~4 ) ' '  = a r e  th ree  orthogonal  components  of the dipole and 

they can be t r a n s fo rmed  into each o ther  by " ro ta t ions"  (cf. eqs. (38) and 
(43)). F r o m  this r e m a r k  and f rom the genera l  express ion  of the mat r ix  

• ( 1 )  
e lements  of Q(3)M (cf. eqs. (37) and (43)) we deduce that 

u(j ,  1, M) : / ~ ( j ,  1, M) : 2j'+2 ' A(46) 

which is independent of M. So ~ 1 )  and ~ 1 )  a re  two sphe re s  in the th ree -  

d imensional  space  ~(1) of radius  r e spec t ive ly  equal to (cf. eqs. A(20) and 
J J 

A(23)) 

r(1) : l ~  j+16 ' A(47a) 

l/ ,~(1) 3 A(47b) :v~.) z"--+-" 

Note that 

~(1)/r(1) = 3j/ ( j  +1) , ~(1)r(1)  = 1__~_ A(47c) 
2 j '  

which a re  eqs. A(24), A(25) for  the dipole. 
Consider  the decay  j ~  ½ +0. The coeff icient  ~(1, j )  of this decay is 

d i f ferent  f rom ze ro  only if par i ty  is violated;  then it is dynamic dependent,  
but it is still  given, for  L -- 1, by table 1 (c), up to a fac tor  )~ - 1 --< × --< 1, 
instead of ½ (1 + (- 1)L). The coeff ic ient  X contains the dependence on the 
par i ty  violating dynamics ;  it is the a s y m m e t r y  p a r a m e t e r .  Hence the 

observed  y~"' a re  re la ted  to the normal ized  r ~  ) ' '  by: 

(1) = X(- l f l  -~ ] 2 j ( 2 j + l )  r Y0 10 / = x ~ r  0 , A(48a) ½ -½ 
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1 r(ll) - ~ 2 I m y ~  1) 1 r_(ll) A(48b) - J 2 R e Y ( l l )  : X ~ , = X ~  • 

F r o m  eq. A(47b), c o n s e r v a t i o n  of angu la r  m o m e n t u m  impl i e s ,  fo r  the 
inva r i an t  

1 (1) f2 
YM 

M = - I  

tha t  one can e x t r a c t  f r o m  the data ,  the condi t ion  

IM ~ yM(1) I ~ ~< IX[ - [Xl ~ < - -  A(49a) 
- - 1  ~ f ~  ~ 2( j  +1) " 

hi (Z) M o r e o v e r ,  if the only non r a n i s  ' n g y M  a r e  those  for  L = 1, we have  the 

s t r o n g e r  (when j ~< ~) condi t ion 

Th i s  is  the t e s t  p r o p o s e d  by L e e  and Yang [13] for  the A ° decay .  One can 

(1) = 0; ins tead  of the ex- a l w a y s  c h o o s e  the quant iza t ion  ax is  such that  Y+I 

pec t a t ion  value  of 4,/~-(Y )) = (~3 cos  0), L ee  and Yang s tudied (cos  0> so 

t he i r  l i m i t s  a r e  1 / v ~ - t h o s e  of the eqs.  A(49). 
We have  s tudied the we l l -known e a s e  L = 1 in o r d e r  to help the under -  

s tanding of the case  L = 2. 

A.4. The quadrupole space 
We have to s tudy the ac t ion  of the " ro t a t i on"  g roup  S0(3) on ~(2),  the 

f ive  d i m e n s i o n a l  r e a l  space  of the i r r e d u c i b l e  r e p r e s e n t a t i o n  D(2). In o r d e r  
to s tudy this  ac t ion  we can use  any one of the equivalent  r e a l i z a t i o n s  of 

~(2) (used m the t h e o r y  of this  r e p r e s e n t a t i o n .  An e legant  r e a l i z a t i o n  of 
quad r i c s )  is to c o n s i d e r  it a s  the space  of the 3 × 3, t r a c e l e s s ,  r ea l ,  
s y m m e t r i c a l  m a t r i c e s :  

t r  x = 0 ,  ~ = x , x T = x . A(50) 

The  g roup  S0(3), i .e .  the g roup  of 3 x 3 m a t r i c e s  which  sa t i s fy  

= a , a T = a -1  , d e t a  = 1 , A(50 ' )  

a c t s  on this  r e a l i z a t i o n  E(2) a c c o r d i n g  to 

D(a)x = axa  T = a xa-1 . A(51) 

This  ac t ion  is  o r thogona l ,  and l eaves  inva r i an t  on (~(2) the  Euc l id ian  s c a l a r  
p r o d u c t  
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(x, y) = t r  x y  . A(52) 

As is  well  known, by the t r a n s f o r m a t i o n  A(51) of an o r thogona l  m a t r i x  
a, any x can be d i agona l i zed  and i ts  e igenva lues  put in a d e c r e a s i n g  o r d e r  
~1 >~ ~2 >~ ~3, ~1 + ~2 + ~3 = 0. We can a l so  say  equiva len t ly  that  the coef f i -  
c i en t s  of the c h a r a c t e r i s t i c  equat ion  of  x 

x3 _ ¼ ~(x)x+¼ ~(x)Z = o ,  

with 

a(x) = -~(x, x) = ] t r x  2 , 

~(x) = - 4  d e t x ,  

A(53) 

A(54a) 

A(54b) 

c h a r a c t e r i z e  c o m p l e t e l y  the o r b i t s  of S0(3) on ~(2), i .e . ,  x and x'  can be  
t r a n s f o r m e d  into each  o the r  by S0(3) t r a n s f o r m a t i o n  if and only if 
~x(x) = ot(x') and ~(x) = ~(x'). S ince  x is  H e r m i t e a n ,  it m u s t  have t h r e e  r e a l  
e igenva lues  so 

4 (~ c~(x)) 3 >/ 27 (~ /3(x)) 2 , A(55) 

i .e .  
3 3 

- a(x)} --< /3(x) --< a(x) ~ . A(55') 

We are interested by the realization of ~(2) as the five dimensional 
real vector space of Hermitean traceless matrices 

2 
, .)(2) 

P'(J)= 2j p(J = ~ rM)Q(J)M = ~/5(2j+1)"-' ( 2 ( 2 )  ,t(2) ° ~2 ~ 
M=-2 2j ~M T(J)M " A(56) 

M=-2 

This realization is j dependent, but eq. (38) shows that the action of S0(3) 
on these quadrupole spaces is j-independent. Indeed for the "rotation" R 

T(j )(2)~T¢ ~ ~(2) n(2)io,M' A(57) 
"M 'J'/V/' ~ ~ ' J M  " 

We t h e r e f o r e  c o n s i d e r  the  quad rupo le  s p a c e  j = 1. The  p ' (1)  a r e  3 × 3 
t r a c e l e s s  m a t r i c e s  and one p a s s e s  f r o m  the x to the p ' (1)  by a change  of 
b a s i s  in the t h r e e  d i m e n s i o n a l  space ;  i .e .  the s e t s  of x '(1) and of x = x T a r e  
con juga ted  by a f ixed m a t r i x .  Th i s  con juga t ion  does  not change  the t r a c e  
(= 0), the t r a c e  of the squa re ,  o r  the d e t e r m i n a n t . .  Hence  (~p'(1)]  and 
~[p '(1)]  c h a r a c t e r i z e  the o r b i t s  of S0(3) for  this  r e a l i z a t i o n  [o f  ~(2). The  

e x p r e s s i o n s  (54) of ~ and /3 as  funct ion of r ~  ) ' -  can t h e r e f o r e  be compu ted  

f r o m  eqs .  A(54) with 

2 
x = ~ .(2), .  (1)~)'' A(58) r M ~e ~,~ 

M=-2  

The  Q(1)(M 2) a r e  def ined by eqs.  (43) and (37). They  a r e  exp l ic i t ly  g iven in 

ref .  [1],  IA2 table  1, ref .  [2], I2 tab le  1. 



528 M. G.Doncel et al., Rigorous spin tests 

R e m a r k  that the four  Q(j)(2M) , M e  0 a r e o n t h e  s a m e  o r b i t  ~ = 1, ~ =  0, 

but  Q(j)~2) is  in  a d i f f e r en t  o rb i t  ~ = 1, ~ = 1. 
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