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We made a complete study of the re la t ions  between the three  c ross  sect ions and the three sets  of spin 
rotat ion p a r a m e t e r s  P, A ,R for three  react ions  related by internal  symmet ry  via two channels.  

1. T h e  t r a n s i t i o n  m a t r i x  T of a r e a c t i o n  in -  
1 v o l v i n g  sp in  0 and  sp in  ~ p a r t i c l e s :  

1 0 t  1 t 0 + ~  ~ + ~  , ( 1 )  

can  be  w r i t t e n f  + i g a .  n w h e r e f  and  g a r e  r e s p e c -  
t i v e l y  the  n o n - s p i n - f l i p  and  the  s p i n - f l i p  a m p l i -  
t u d e s .  T h e  m o s t  u s u a l  r e a c t i o n s  of t h i s  k ind  (e .g.  
uN, KN) a r e  go ing  t h r o u g h  two c h a n n e l s  of i s o -  
s p i n S ;  h e n c e ,  f o r  t h r e e  r e a c t i o n s  w h i c h  d i f f e r  
only  by t he  i s o s p i n  c o m p o n e n t s  of t he  p a r t i c l e  
i s o m u l t i p l e t s ,  t he  t r a n s i t i o n  m a t r i c e s  s a t i s f y  a 
l i n e a r  r e l a t i o n :  

3 
r~ ~ = 0 (2) 

G =  1 

where each ya is a homogeneous fourth degree 
polynomial of Clebsch-Gordan coefficients. 

In this let ter  we derive all relations imposed 
by eq. (2) on the cross-sec t ions  and on the spin 
rotation parameter  A, P, R [I-3]. It is convenient 
to c o n s i d e r  T a r a  and  ~ a g a  as  the  c o m p o n e n t s  of 
an  e l e m e n t  a}  of a two d i m e n s i o n a l  H i l b e r t  s p a c e .  
T h e n ,  d e n o t i n g  by cra t he  c r o s s - s e c t i o n ,  one  h a s  
( o  i s  the  s e t  of t he  t h r e e  P a u l i  m a t r i c e s )  

M a = la}<al = ½ s a ( l + ~ a . a ) ,  ( 3 )  

w h e r e  
2 > 0 , (4) % = <~i~> = % %  

and  

:~ Those react ions  commonly go also through two chan- 
nels of U spin and V spin, and in some cases, such 
as 7r+p +, through two channels of the full unitary spin. 
The considerations of this letter can be extended to 
these invariances and to the cases when the 0-spin 
particles are replaced by unpolarized particles. 
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g~ = ~ < ~ l - l ~ >  = (%, G ,  % ) , (5) 

i .e .  t he  c o m p o n e n t s  of ~ a r e  t he  sp in  r o t a t i o n  
p a r a m e t e r s  of t he  r e a c t i o n  4. T h e y  s a t i s f y  

s2  A 2 p 2  2 a ~ a  = 1 = a +  a + R  • (6) 

T h e  v e c t o r  ~ wi l l  be  c a l l e d  the  s p i n  r o t a t i o n  
v e c t o r .  

2. F r o m  now on, t he  t h r e e  i n d i c e s  a,  fi, 
r e p r e s e n t  any  p e r m u t a t i o n  of 1, 2, 3. T h e  l i n e a r  
r e l a t i o n  on the  v e c t o r s  ta}, c o r r e s p o n d i n g  to 
eq. (2), is  

[a>+ [~} + Iv} = 0 . (7) 

Each la} with spin rotation vector .~c~ has an 
orthogonal element ]a±} with same sa and spin 
rotation vector -~a.  The scalar  product of eq. 
(7) with <c~ ± 1 gives 

<4±I~> : -<~ ±It>. (s) 
From 

]<a±1/3>12 : t r M a . ~  : * s 2 ~ s ~ ( > G ' ~  ¢) = 

(9 )  

= t r M a M f i ± =  l<a]fiz>[ 2 , 

and from eq. (8) we obtain 

s f i (1 -  b a  ~fl) * > 0 , (10) % 

w h e r e  H i s  a c o n s t a n t  i n d e p e n d e n t  of 4, /3, ~,. 
S i n c e  t he  ~ h a v e  un i t  l e n g t h ,  we c a n  w r i t e :  
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)2 < 1 '  (11) 0 - < - ( ~ a x s ~ - S 7  ~ ~ 

with the use  of eq. (10), eq. (11) is  equ iva l en t  to: 

I 0 - -  < H  ~< - A ( s  , sfi, sy) < 4 ( sas f i  sy )2H-2  +H](12)  

P H Y S I C S  L E T T E R S  

where  
2 2 %) = % + s7  + - 2  % - 2 s 9 - 2 s 7 % .  

(12') 
When H ~ 0 and sa  > 0, the l a s t  inequa l i ty  in 
eq. (12) is  a lways  sa t i s f i ed ;  the equa l i ty  holds  
only when s a = s[3 = s 7 and Oa[ 3 = 0[~ 7 = 07a = ½~, 
w her e  Oa[ 3 is  the angle  b e t ween  ~ a  and ~ .  Note 
that  

O< Oa~ < n  ; cos Oa[ 3 = ~a b~"  (13) 

In the fol lowing we wil l  say that  ~ is  d e s c r i b e d  
equ iva len t ly  by a un i t  v e c t o r  o r  a point  on the 
un i t  sphe re .  

3. Eqs .  (10) and (12) a r e  su f f i c ien t  for  the 
s tudy of any e x p e r i m e n t a l  s i tua t ion .  F o r  in-  
s t ance :  

(i) One knows  only s a, s[3. 
F r o m  0 --< H < 4s~s~4 a n d f r o m  eq. (12) the 

~ 2  c r o s s  s ec t i ons  ea = saYa m u s t  sa t i s fy :  

A(s a, s~, s 7) --< 0 . (14) 

T h i s  is  the w e l l - k n o w n  condi t ion  that  the t h r e e  
, /sa m u s t  f o r m  a t r i a n g l e .  Th i s  cond i t ion  g ives  
the bounds  for  sT:  

Is - s a - s ~ l --<2"/--s s[3. (14') 

(ii) One knows  sa,  sfi, ~a' ~fi" 
B e t t e r  bounds  on s 7 a r e  g iven  by eq. (12): 

- A  >~ H; they a r e  (15) 

t sy - s - s[3 1 "< 2 ~4"~sasfl(l+ ~a' ~ )  = 2 s , /~s~  cos½ %13" 

This condition (15) is always stricter than condi- 
tion (14'), except in the case ~a = ~3; then H = 0 
and ~7 = ~a = ~[3; this happens whefi the transi- 
tion matrix of one of the two isospin channels 
vanishes. 

Eq. (15) can also be written in the two equiv- 
alent forms 

Icos coati [ ~< cos ½ Oafi , (15') 

1 
0 -<- ~O[3-.< co[3 < T r - - ~ O  (15") 2 (2/~ ' 

where  waf  t i s  the angle  be tween  the s ides  4~sa, 
of the t r i a n g l e  def ined  by eq. (14). 

(iii) One knows  s a, sfl, s 7 s a t i s f y i n g  eq. (14) and 
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The  eqs. (15) give the d o m a i n  of -~3; it i s ,  on 
the  uni t  sphe re ,  a c i r c u l a r  p o r t i o n  whose c e n t e r  
is  ~ a; i t s  a p e r t u r e  is  0aft such that  

0 --< 0a/j --<Min(2w fi, 2(n-eoa[3)) . (16) 

Note that  t h e r e  is  no r e s t r i c t i o n  o,1 0a[  3 when 
1 wa~ = ~Tr. 

(iv) One knows  sa, s[3, s) sa t i s f y ing  eq. (14) 
~ a, ~ [3 s a l i s f y i n g  eq. (15). 

1 h e  point  on the uni t  sphe re  which def ines  ~ 7 
m u s t  be,  a c c o r d i n g  to eq. (10), at the i n t e r s e c -  
t ion  of the two c i r c l e s  whose c e n t e r s  and a p e r -  
t u r e s  a re :  

ba  ' 0ay = c ° s - l ( 1  - (sc~'/sv)(1 - ~a '  ~[3)) ; (17a) 

b f i '  0[37 = c ° s - l ( 1 -  (sa ' /sy)(1 - ~a" ~[3)) " (17b) 

Tha t  these  two c i r c l e s  i n t e r s e c t  is  a consequence  
of eqs. (14) and (15)• In g e n e r a l ,  they have two 
c o m m o n  poin ts ,  r e p r e s e n t i n g  two d i s t i n c t  va lues  
of ~ • T h e s e  two v a l u e s  b e c o m e  equal  when the 
e q u a l i t i e s  hold in eqs. (15) and (15').  

T h e r e  a r e  two excep t iona l  c a s e s  when the two 
c i r c l e s  co inc ide ;  th i s  happens  when they have the 
s a m e  ax is  i e ~ = e~,,~ Eq (10) shows that  
when ~ . = : - ,  the two cl"rcles r educe  to one point  ce ~ p 

1.e. h a -  b / 3 -  57 '  When ~a + S[3-  0, eq. (15) 
r e a d s  s 7 = s a + s[3 which, with eq. (17), y i e lds  

c o s 0 a [  3 = (s a -  s[3)/(s a +  st3) = -  cos 0[37 . (18) 

T h i s  comple te ly  de f ines  the c o m m o n  c i r c l e .  
E x p e r i m e n t a l  s i t u a t i o n s  a r e  m o r e  v a r i e d  than  

t he se  four  typ ica l  cases .  F o r  example :  
(v) One knows:  s a > s[3 and ha :  

The  t r i a n g l e  r e l a t i o n  r e q u i r e s  0 --< way 
~< s i n - 1 , / s f l / s a  ' and f rom eq. (15') th is  y i e l d s  
for  ~ 7 '  

( s a -  2s f i ) / sa  "< ~ a "  (19) 

Eqs .  (10) and (12) a r e  a l so  su f f i c ien t  to deal  
with e x p e r i m e n t a l  da ta  with p a r t i a l  i n f o r m a t i o n  
on s o m e  of the s p i n - r o t a t i o n  v e c t o r s  (i .e.  not  al l  
t h e i r  componen t s  a r e  known); see  ref.  [3]. 

4. F o r  each one of the t h r ee  r e a c t i o n s ,  the 
m e a s u r e m e n t  of the c r o s s  s ec t ion  and of the spin  
ro t a t ion  p a r a m e t e r s  d e t e r m i n e  the s c a t t e r i n g  
a m p l i t u d e s  f a  and ga ,  up to an u n o b s e r v a b l e  com- 
m on  phase  f ac to r  exp(i  (za) : 

Ya fa = exp(i(Pa) [½ sa(1 + R)]  1/2 , 
(2o) 

y a g  a = exp(i~o a) [½ sa(1 - R)]  1/2exp(ix~) , 

with 

×a = t an -  1(_ p / A a )  . (20') 
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We c o n s i d e r  the a n g l e s  (Zr~ ~ de f ined  by 

<a]~) " (21) exp ( i%~)  = 

They satisfy the relations 

¢Z~fi + (Pfi~ = 0 , (22a) 

exp{i(~a~ + ~Pfic~ + q~Ta )} = (22b) 

;~ . . . .  ~ + i(~ x ~ ~>) 
= 

[2(1 + ~ a  ~fl)(1 + ~fi '~7)(1 + 5 7  S~)] 1/2 

and they a r e  r e l a t e d  to the r e l a t i v e  p h a s e s  
(Zfi-~c~ of the  a m p l i t u d e s  by 

~-- R)(~- %) (2a n 
%~: ¢,- %+Arg[I+V(~+R~ER~)exp{i(XyXa))J " 

L e t  us show that  by us ing  the  i s o s p i n  c o n s e r v a t i o n  
cond i t ion  (3) one can d e t e r m i n e  the ang led  (Puff 
and hence  that  lhe p h a s e s  b e twe e n  lhe a m p l i t u d e s  
o f  d i f f e r e n t  r e a c t i o n s  are  o b s e r v a b l e .  Eq. (7) can  
be  w r i t t e n  

- i ~ >  = I s > +  I~>. 
Mul t ip ly ing  th i s  equa t ion  by i t s  H e r m i t i a n  con-  
juga te  we obtain,  when*  t r M a M  ~ ¢ O: 

M : M + % + ( X ~ )  -1/2 × (24) 
9/ 

(Ma % e x p ( - i c a ~ )  + MflM a exp('i~Pfla)} , 

wi th  

= ' " - ) (25) X ; ~  t r ( M % )  = 5 ~s/~(1 + ~c~ ~ ' 

Us ing  the exp l i c i t  f o r m  (3) of M ,  the  t r a c e  of eq. 
(23) y i e l d s  

-coswa/3 = c o s }  0aft cos~pa/3 (26) 

and the t r a c e  with o g i v e s  the v e c t o r  r e l a t i o n  

* Wl~en trMot/V//~ = <'or fl}2 = 0 then. from eq. (7) 
<~I~> :-<~ I~> ~ ~'a~d 0i~>:-<~[~> ~ 0, so ' 
¢ot7 = q)yq = ~r = q~fl7 = ,~. Yfl- Th!s exceptional 'case 
was atreaay mec in secnon a (~v/. For  the pairs 
fl, y o r T , f f  of indices, eq. (26) gives s , , = s o  +sR 
and eq. (27) gives the circle  of solutionrs f o ~ T f -  
The angle (Pccfl paramet r izes  this circle.  
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= s ~ 2(s sfl) 1~2cos  ^ sT~ 7 ~S a + s ~  + ~a~la~ 
(27) 

+ (//)1/2 s in  qoaflkafi 

w h e r e  H is  de f ined  in eq. (10) and 

If the c r o s s  s e c t i o n s  s a, s~, s and the spin  
ro t a t i on  v e c t o r s  ~ ,  ~fi are~noYwn, eq. (26) 
a l l o w s  to d e t e r m i n e  cos  Coati" If f u r t h e r m o r e  ~7  
is  known, eq. (27) y i e l d s  the s ign  of s in¢af i ;  
indeed  the s c a l a r  p r o d u c t  of eq. (27) wi th  
1 (~  g i v e s  

sign(sinbad) = sign(~ × ~" ~y) . (29) 

Note that all solutions to the problems settled in 
section 3 can be obtained from eqs. (26) and (27). 
For instance, if one knows s a, s~, ~a and ~fi, 
these equations show that the vames of sy and 
~7 depend only on one parameter which is the 

angle q~afi" 
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