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Abstract

The observed polarization domain of a spin 3/2 A produced in
a quasi two body or inclusive reaction is a sphere in three
dimensions when the beam and the target are unpolarized and a
sphere in five dimensions otherwise. In the strong ,electromagnetic
or neutrino production of A's we study what information can be
gained with the use of polarized beam or target and we compare the

predictions of some models,



The thzjz is the most copiously produced baryonic resonnance,
Ina Il usual reactions it is created by the excitation with 30me
beam of a nucleon target with a change in the spin state of its
quarks, The produced A is obsarved through its decay products 7N,
Since it has spin 3/2 this observation gives some information on
its polarization and tharefore some insight on the mechanism of
the production rvreaction.In this paper we shall study this point
and investigate what can be learned in supplement if the reaction
is performed with a polarized beam or target., We realistically assuse
that the polarization of the nucleon from the A decay is not
observed. To simplify the discussion we also assume here that the
only observed polarization of the final particles is thi.t of the 4,

as given from its decay. In part | we recall the general descrip-

tion of A polarization; we refer for more details to our previous

ﬁublicationsz’j.The observed polarization of the A is describsd by
five parameters whose possible set of values is the interior of a
sphere in a five dimensional space.In part 2 we review the different
possible reactions according to the nature of the beam:mesons,nucle-

ons,electrons or muons,photons,neutrinos;the target is a nucleon.

{. The observed polarization domain of the /A,

1.1 The intensity and polarization space of the reaction.

We denote by EB'ET’EA reaspectively the anergy-momentum of the
Deam, the target, the 4 resonnance; by T the transition matrix of
Che reaction, by Ca the polarization denasity matrix of the initial
state (beam and target), by (¢ that of the A and by & the differen-

*£ial cross-section.T is a function of ByrRriRa and eventually of the

other particle energy-momenta; when 7 is sultably normalizsd,all

thess quantities are related by the equation:

‘3 (,» = Z T [+, T f} (1 ? I }

Le
kuh@rezcan reprassent a sum over the other final particle spins and

= vantually an inteagration over scuwe or all other final particle

momenta and sven, in the cass of an inclusive reaction, a summatfion

»var all possible reactions compatible with the sbssrvation.

This subsection and the next one are valid for any resennancse of

spin jJ ound it La only Later that we shall apeclalize to j=14/2.50

fk 13 a Hearmitean operator acting an.“i,thoa2J+U—dimnnsional Apin

space ol the resonnance. 0. 14 the Hilbart space carriar of the

L rraducible represantation up to a phasae Dj(R) of S0(3).The sat of
. . 2 _
Hermiteaan oparators acting on ?i form a (2j+1) " -dimensional real

33 . ) . .
vachtor ‘pACG&\(fﬁ) whitch carrvias a natural Huaeclidaan scalage product
#

i“\,%}tlvAH and which 13 callad the intsnalty and palacvization soace
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of the studied reactioen. The action of S0(3) on,%% defines a
reducible linear representatioen of this group on é(HG) which is
equivalent teo
23
DJQDJ"LOLO . (1. 2)
(whore — 1is the complex conjugata) This cerresponds teoe a decompo-

sitien of‘f(&f) into a direct sum of vector spaces:

i)
%,)~ 6( dim 8( )=2L+1; (13)
and to the mulyipole decompo:ition of(D:
E): Z::o ()‘_’ (1- 3')

where Co =(2j+%)-‘1 is the density matrix of the unpolarized state,

The matrix ¢~ must be positive (i.e, its eigenvalues must be non
negative) so it must be insidez?,the convex self dual cone of
positive matrices of&f(h%).
1.2 The polarization domain J).

The polarization space 5 is the (2j+1)2—1 dimensional Euclidean

¢

vector space which can be identified either as the hyperplane tr =1
in & (X;) or with the summand € in:

£ 0E;) = £0) o ¢ where €= o, 2 e (L), (1.4)

The set in é.of the possible {9—(; is the polarization domain ) ;
it is the intersection of the cone ¥ with the hyperplane tr()=1
in &(M%).‘eis a convex self dual domain®.

It is cuystpmary to normalize the polarization degree d, between
o, for the unpolarized state po,and 1, for a pure state of polari-
zation (=P where P=|X><{x|,x>c¢d, ,<x(X> 31; i.e. P is a rank one

J
Hermitean projector P=P2=P*,trP=1. Then for the state of density

J )‘,{‘l

matrix ¢ ,the polarization degree is given by:
d, =

: (e-b., 0-6) = JJ(Lr(J ~ 7). (1.5)
From now on,we will u-e on & the metric defined by the polarization

degree; so the polarization domain is contained inside the unit

sphere of é,
1.3 The observed polarization domainéa.

We now consider the j=3/2 resonnace A1£32 Its main decay mode is
T1N. The angular distribution 3(9,%) of this parity conserving two

body decayﬁeasuroa only the even multipoles (i.e, here the L=2
quadrupole)of (/. To measure the odd multipoles L=1 and L=3 one

would have to observe the angular distribution g(e.y) of the
polarization of the decay nucleon., Since this is technically diffi-

culd we assume that it is not done,



Such a partial observation corresponds to an orthogonal projectiong
from the intensity and polarization space Z/‘é(gﬁn) onto that
of the even multipoles ﬁ(E);here:

EalMy) EoplTo ot a )Y, (1.6)
Correspondingly,the observed polarization domain is the projection
of A< 215 on igz) .One shows that 5;2) is a symmetry plane of

) so the observed polarization domain< is the intersection:
1)

f,® . <7)n(.r/ ) (1. 7)

This implies that the observed =, + , is a positive matrix.,Similar-
P Lot (2

ly the projection of the cone € cbs(%,) on 5éE) is

s(€) = e, £ (1.3)
Finally,we show in the appendix thati)is the ball in (féz) bounded
by the sphere Sh centered at O and of radius 3Q'. Therefore,
©experiemental data on polarization is represented by points in

this ball .l

1.4 B-symmetric reactions.

We call B-symmetric the following experimental reactions: they
conserve parity and the observation conditions forget the
dependence of ¢ and ¢ on energy momenta other than P PR, - Either
the reaction is quasi two body or integration over phase space of
the other final particles is performed or the reaction is inclusive.
[Let B be the reflection ,in energy momentum space, through the 3-
plane spanned by RB’ET’RA(IH the case of forward or backwardA there
is a one parameterfamily of such planes). Since 82=l yin any linear
representation the eigen values of B are | and -1. The corresponding
eigen spaces in ééz)are respectively of dimension 3 and 2, so we
denote them by {fi&w( év. In table 2 we give explicitly the
coordinates of these subspaces of ?(i) while in table | we have
recapitulated the list of spaces and’geometrical domains introduced
tn the paper.

For a H-symmetric reaction, when the initial polarization is

invariant by B, the obaerved /\ polarization has the same property

and in this case the polarization domain is reduced to
R . TN
1N N i
Seoova Sy L (12)
wtiose boundary. {  is the sphere S, of center 0 and radius 1§ * .,
: e
For example, the obsarved /| polarization produced in a B=symmetric

reraction with unpolarized beam and target depends only on three
Parameters ..nd the experimental data is represented by points “P&p
Im the general case, when the observed A polarization is represaen-

and

L(:‘))"
3

Lt+3d by a painttﬂgf@,we will denote {tg projactions on



- 4%
&, by M and M' respectively, M must be in $+ and M' is in

S LS
‘Q ‘Z\’f\ E.', D ‘(1-10)
whose boudary¢{_ is the circle S1 of center O and radius 3 *,Remark
that

2 i
leM |+ \on‘)s%, (1. 11)

where the equality occurs when M, is on the boundary Sh of D .

1.5 The Ellipsoid of polarization transfer‘ib.

Let us denote by Pe the density matrix of the initial particles
In this section we study the linear map f,
f=goh , (1.12)

where h is defined by (1) and g is the orthogonal projection
defined by (6).Each initial polarization is transformed into a
point of the intensity and observed polarization space:

£(¢,) = glop) = ¢ . (1.43)
Consider the simplest case when only one initial particle is
polarized and it has spin 1/2 or it is a photon. In both cases all

possible pure polarization states ?e form a sphere S Its image

2‘
by f is denoted by E2 and is called the ellipsoid of polarization

transfer . We study successively two cases:

i) spin 1/2 beam or target.Its polarization density matrix is

voos T +W.5 ). When w=0, there is no polarizatton ,then f(p ) is
the point m ¢ ©® center of E,. In the general case f(p )en E, if
we call n the polarization degree 04M<l (see 2.2 below). But to
communicate the physical results, the degree of polarization of the

=2

beam and/or the target is irrelevant, so we assume that w =1 i.e.

f(?e)éfEZ «In the laboratory system, the three interesting direc-

tions of the polari?ation vector w of the target are::ﬁcc Eé ’
:3a<5 —ﬁB(ﬁB.ﬁ )(5b£)_1transverse in the reaction plane,+« w«xprga
normal to the reaction plane. The same formulae hold for the beam
in its rest systeiqwhen one replaces pB by pT ; then ﬁwi corres-—
ponds to the beam longitudinal polarization, These three directions
define three orthogonal diameters of 82. They are mapped by f onto
a set of three conjugated diameters of E2 that we denote respective-
ly by n-n+,s_s+,1_2+.8ecause w is an axial vector,ﬁ% is invariant
by B while WS and iﬁ change sign, So for a B-symmetric reaction:
n_mn:a£§0)92§2)+ ios_ms_, 1mlec ééz)- (1.14)

Moreover s 8, and 1_ 1 are conjugated diameters of the ellipse

50c (%)

and n n_ is a principal axis of the ellipsoid E since it
is orthogonal to éi(z) yi1ts conjugated plane,
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ii)Polarizeq_photon beam. The set of pure polarization states is

the Poincaré sphere S,iwe can apply the results of i) with the

ffollowing tr-nslation dictionnary:

j:wf describe the right and left circular polarizations, w hile the

photon linear polarization is described by

2wn when the polarization planes are perpendicular to or in the
reaction plane,

j;ws when the polarization planes are at 45° of the reaction plane.

The results about B-symmetric reactions are just carried over,

iii) A particular case, very important in the applications, occurs

when the point m representing the experimentally observed s ¢ for

unpolarized beam and target is on the surface of the cone %f(E).

We can then apply a very general theorem:

If a bounded convex domain S is mapped linearly in a convex domain

¥ and if the image m=f(s) of a point s of the interior of S
is on the boundary of € ,then f(S) is included in Bf}1Tm(€),where

Tn(ﬂ) is the tangent plane of ¥ at m,

Proof, The tangent hyperplane Tme) defines two open half spaces,

One of them has no comman point with ot ;jthe image f(sissz)of

any segment in S containing s in its interior cannot have points in

this half space,so it is in the complement and more precisely, be-

cause of the linearity of f and the convexity of ¢ ,it is in Tm(()
Applied to our particular case, this theorem shows that “the

polarization transfer ellipsoid E2 is degenerated into a segment of

middle m and carried by the cone generatrix containing m. So the

only effect of beam and/or target polarization is a variation of the

differential cross section while the observed polarization

remains constant,

1 .6 The forward and backward Besymmetric leroduction.

For such conditions the reaction is invariant by a 0(2) group
generated by the rotations about the common axis 63//é; (in
the target or c.m. system ) and the reflections through planes

containing this axis, The irreducible linear representations of

this group are 2-dimensional (we denote them by dm,m integer >0)
axcapt two | ~dimensional ones: d; and the trivial one d;. The
5-dimensional representation on the observed polarization
~ 2
space :é ) reduces to the direct sum:
A" 9 d, @ d, | (1.1
o 1 < iy} il v
This decomposition and the Besymmetric decomposition {):f% !

detine in fl a complate basias of five oerthogonal axes when tha
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forward and backward Besymmetric /A production is considered as a
limiting case with fixed reac tion plane.jlhese axes cut the sphere
S),= 9D at the points: ‘

Q',Q2 defined by the carrier space of dz,

IRV 3

T1,T2 defined by the intersection of the space of d1 and &,

[]1 s U2 it " " o5 and d 14 - ;
R, 4R, ! : " of d, and{¢”7,
v1 ,V2 11 1" " " and Z‘I:.[‘—'

The remaining sign ambiguities will be completly resolved in
part 2 by very simple reaction models. We insist on the fact that

this complete explicit description of the observed polarization
domain is coordinate independent., Table 2 recalls all these infor-

mation and also gives explicit coordinates in both helicity and

transversity quantizations. Figure | represents the domain <0 .

In a forward or backward B-symmetric reaction the mapping f
commutes with the action of the 0(2) group defined above. The
initial polarizations normal to the collinear process,?n and'?;s
transform as d1 for a spin 1/2 particle and as d2 for a photon
beam, By Schur's lemma one predicts for the corresponding observed
A polarization the wvanishing of its projection on RIRzand V1V2for a
spin 1/2 particle,and on T,T2 and U1U2 for a photon beam, Similar-
ly, since an initial polarization ﬁx (longitudinal for a spin {/2
beam, circularly pelarized for a photon beam) transforms as d;,

one predicts that the observed polarization is 1ndependen£sfrmm3J
L
The choice of helicity or transversity quantization (or of any

quantization axis) is of pure convenience.However there is one
choice to be made which is physically relevant:that of the channel
(see @g. ref.2a). Indeed a rotation of the coordinate frame around
the normal to the beam and A momenta induces a rotation about the
same angle around O in the plane of D_ and about the double angle
around the vertical axis P’P;z of the ball $+. For instance, to pass
from s-channel to t-channel quantization(e.g. Jacob and Wick have
chosen s-channel helicity coordinates while Gottfried and Jackson
have chosen t-channel helicity with some conflict in the sign
conventions between the two groups)one has to do a"crossing rotatior
around the normal.,Its angle vanishes only in the forward or backward
direction. We advise experimentalists to plot their data in the
different channels: some features may be clearer in one of them .
For instance helicity conservation in a given channel requires that
the representative points M stay,for the different values of t,in
the Q1Q2 diameter of §3+ in the plot corresponding to this channel.

In the case of one pion exchange M stays at the point Q2 .



TABLE 1 - List of Spaces and Geometrical domains

& denote a n dimensional real vector space with Euclidean metric.
n

3 is a ball of ¢ i.e. its surface 2R is a sphere S centered at the
n n n n-1

origin of Pn

153/2 /the L spin space,is a 4-dimensional Hilbert space.

’ =5 : iti intensit d polarizati e.
¢ 16(){3/2) space of Hermitian operators on ﬂ3/2 , intensity and polari ion spac
C = convex cone of positive matrices in 816(H3/2)'
; _ (0 (L (2) (3) . -
£ 16(H3/2) =&, F e+ P multipole decomposition.

. L . . _ 1.

op = o + h + Py + P3 s multipole decomposition of density matrix °o T % r.
e (Hy)n) = 8(0) ®e e is the polarization space p, - p. € £
“16°73/2 1 15 715 A 0] 15
{H e C,tr H=1} = po t 7)  where 7 is the polarization domain ={DA-QJ.
EéE) = 8{0) + R§2) » intensity and observed polarization space.

(&) _ (E) _ ) . . . .
C =Cn 86 = {¥p} , p 1is the observed A-polarization density matrix.

) (2) . o
O =Nne = By observed polarization domain -{p«po}
2

B, the B-symmetric operator is defined in 1.4 ; B" =1

2)+ 2) -
Pg s Pg ) eigen spaces of B acting in F;z) , with the eigen values 1+ |

e (2)+ . ) . A
2N Fg = BK , B-symmetric observed polarization domain
(2)- )

Co=8n0r, = B, , B-antisymmetric observed polarization domain.
. L k L -1/2
I'he ball 8 , and therefore &L R &M have a radius 3

) . . . ;
E, ©C , ellipsoid of polarization transfer.

- i (et

(O) ® ,f(:

s 5}
= N
1 Los 3

ﬁ(E)*
“y

In part 2 we also define
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Table 2 : Explicit plot of the observed polarization domain 9 .

When n A-resonnances are observed in an experiment, the moments

of their decay angular distribution are : < Y; > = % lel Y;(ei’wi) . Only the
) . o _ 1 2w _ 1. .2 2
following can be non zero : < Yo > m , < YM > ) ,v%%\tM where the Cpe

are the multipole parameters of the observed p = Z(1+ v ti(Tﬁ)*) . The
M

matrix elements of (TII;[)“l u' of the multipole operators are the C.G. coef-
3 T
ficients < -%Jl-z-p'LM > . We denote by Htf1 and ti the multipoles para-
meters in Helicity or Transversity coordinates. B-symmetric observed polari-
H 2 T 2

zation =3>» t real <= t =0
. M)+ hat 2 2 2 1.
Coordinates in 83 D X,¥,2, 19+ c X 4+y + oz S§ )
- T2 _ 4 T _ H 2 _ 4 o H
X —-‘Yl_BO_ Im t2 = 3 Im P3_1=" '\'130‘Re t1 ,\/TRe P31 s

T 2 4 T H 2 ,H 2 2
y-—‘\’_lBQ‘Re t —,@Re P31 =‘\G?Re t2—2to

H H H
Re p3 17 033F P11

2 3
T 2 2 ,T T H 2 H 2 H 1 H H
= = - = R = -2R - -
2 ’Vg.\ ty 'Tj"( P33 pll) (V:fz towg ¢ tZ) € P31 'V?‘( P33 Q11)'
Coordinates in 6;2)_ Dou,v; S_ ¢ u2 + v2 S—:l; 3
T 2 4 T H 2 4 H
u =10 Im t = - Im = 0'Im t, = Im
v—-3- 1 3 P31 V——E 113 P31 s
T 2 4 T H 2 4 H
v =Al10Re "t; = ;= Re = W10 Im t_=- Im .
V‘é‘ 1 3 P31 v-g- AT P31
As usual, to save writing we denote P’ by 1p2m,2m' . N(:nti,' that the observed
o is deduced from the actual p, by p..1 = E((DA)m'+(—1) (pA)_m.’_m) ;

see Appendix A(6), (Tj)m.=(-1)j‘m6m,_m.

Figure 1 represents § and its remarkable points.

Physical points of § in B-symmetric reactions

tPoints coordinates
% T H
X y z u v dm ) 8y P P
-1 - 1 =
0o F= ¥
Qle . 5 ?\TT 0 0 0 + Y1Y2 xlx2
T1T2 + ,\Tj-. 0 0 O1 0 1 + K+K_ \% V_
UIUZ 0 0] ) 10 + m 0 1 - U~U+ U+U_
R.R 0 o= :
1R + m + 5 0 O1 2 4+ Z+Z_. H+H__
v,V 0 0 -
1Yo 0 1 0ty |2 V.V | KK,
PP O 0 + 0 0 + 1 X, X Y.Y
12 Rl 172 172

#) 0(2) representation dm (see 1.6) for forward and backward reactions.



1 0 0 0 0 0 0 0
1(0 0 0 0) . (o 1 0 o)
1530 0 0 0 oP*2=72 | o 0 1 o %1 t % = 200,
\o 0 0 1 0 0 0 0
1 0 -\3 0 3
1<o 3 0 4/‘3) 1 (o
17893 o 3 o r%278 \ 3
o 43 o 1 0 0

1 0+ 0 1 +i 0
L1 0 1 0 41 e o1 _o 0O 4 |H +H_ =2,
+ 4|+l 0 1 O[>+ 4 |+ ) 0 ’K++K_=2po’
0+l 0 1 0 ¥ 0 1
1+ 0 0 1+ 0 0
.ol +1 0 _O ;o1 ¥i 0 _o U _ = 2p,,
+ 4\ 0 0 ¥ [T+ 4\ o 0 1 ¥’ V_ = 2p,,
0 +1 1 0 0 4 1
243 0 +1 0
T 243 0 + 1)
2y T8\ 41 0 243 o | 2ot 2= 2
0 +1 0 243

For forward or backward A production see 1.6 and 1.5

_)
Q.Q, > ML L no, or W, , initial polarization,
1%2 S L P

TITZ 3 N+N_ initial spin % in polarization,
U1U2 3 S+S_ initial spin % zs polarization,
R1R2 > N+N_ photon beam 4zn polarization,
V1V2 ) S+S_ photon beam WS polarization;

Q2 in s-channel is the A polarization in 1 + N - A (resonnance formation),
Q2 in t-channel in the A -polarization for one m exchange in 1N - pA,

P2 is the A -polarization for  exchange in 7 + N mA (magnetic dipole tran-

sition, AJ =1 , Stodolsky Sakurai model, quark model)
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2, Reactions producing A

1232°

In all the examples of reactions that we will study we assume that
the target is a nucleon (in practice a proton). These reactions
can be characterized by the nature of the beam and the particle

multiplicity of the final state, We will consider

meso-production TN T4 AN>KA (2.1)
MTV2¢A , Kr i< ¥4 J TNV >ana , KVN=>KTps , AN D> Xmmd,- (2.2%@)
production by nucleon NN - VA : NN —>TNA , . . (2.3“,‘/.[;/
lepto-production eV >ed , M N2 d)eNpid wlVoprd, (2,3 " ib)
photo=-production Fv o> T4, PN TTA, L (2.4 u t)
neutrino production v ¥ > ud , yNa3vd [ vV uaa,.. (2-5a45)

In addition to these exclusive reactions we will consider first
the inclusive reaction
BN > XA (2.6)

where B is any beam of the reactions (2.1) to (2.5).

2 .1 Strong or electromagnetic Aproduction in inclusive reactions,

Tor each beam energy and each momentum ﬁ;, the experimental
(iata6¥>(differential cross section and observed polarization
density matrix)can be represented by a point met‘E) in the intensity
and observed polarization spacecﬁéE). Since the reaction is B-
symmetric ,for unpolirarized beam and target the corresponding /i -
polarization is represented by Mc{ Similarly
mtr(E)+ =tﬂﬁ£E)+where féE)+ - %T’jéi”k .Ses figure 2; If the
initial polarization is along the normal shjthe final state is
still B symmetric.lLet # be the polarization degree of the beam or
target: 0%/%!.In general one performs the experimené for both
orientations of the polarization ﬁ=tq;;.We denote by o and 6 the
respective cross section and by ﬁ;and ﬁ: the respective observed
A polarizations; those are raspresented by the points Mk and M_
in whilesgé;and gé:are represented raspectively by the points
m and m_ in f¥8)+. The linearity in o of equation (1.1) implies
that m is the middle of the segmant m om_ .The corresponding points
M,Mf,M_ in ﬁb* Aare obtained by conlic projection; they are aligned
but M is not the middlae of M*Mu. The obsarvables 6, £ corresponding
to the unpolarizsed initial state are given by
Sl e s) , 0s T e (2.7)
In order to communicate exparimental rasults in a way indepandant

trom the polarization degres it is natural to compute the cross
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sections 5; and &  and the polarizations P, and e corresponding

to the complete polarization 7=1.From the linearity in Pe of

equation (1.1) one obtains:

+4 ~ -~
=1 1a v 035 (2.8a)

! 1 (2.8b)
GiPr=1216 75 4 il & 3 '
P ) 4_-4'_'15’% P -

The corresponding points are denoted by n_,n in E(E)+ and by
N+,N_ in Js. The points N_ M_M M+ N+ are aligned and their

distances satisfy:

N+N_ MM_ - MM+ MN+ s
=n , == . (2.9 a,b)
M M_ MN_ - MN_ MN_ 7+

When the initial polarization W is in the reaction plane(see
1.5 for initial spin 1/2 or photon beam polarization),

W =r?( cos w ;’]2 + sinw ;"s ), (.10)
the observed A polarization is B-antisymmetric and the cross
section 65 is independent of 3'since it is B symmetric,The polariza-
tion is now represented by a point in.D whose projection ontﬂfij
the point M describing the observed polarization for unpolarized
beam and target; its projection qu,w) on I)_ sweeps the interior

of the ellipse projection of E_ on D - wheny)varies from O to 1|

and w from @ to 27 . As we sawzin (1.11)this ellipse is inside
the circle of radius 4
r=(3-loM*)? . (2.11)

To communicate a complete set of experimental polarization
measurements one gives two conjugated diameters of this ellipse,
for instance the longitudinal and side diameters L+L_,S+S_.
These four points are qu,w) for N=1 andtd=0,w,§,§grespectively.

Models can be tested by the comparison between the predicted
and the observed 6‘,M,6‘;,N+,L+,S+ as functions of the invariants
s,t and u or the missing mass. The number of independent observas~:
bles is 1+3+1+3+2+2=12,
2.2 Meso production: TV TA a KN — kA |

These are the quasi elastic two body reactions of (2.1). No

summation is involved in equation (1.1)for precise experiments
so one can reconstruct the 2x4/2 = 4 complex amplitudes.,Indeed

a complete theoretical description of such a reaction is given



by seven real functions of s and t and ,as we just saw,twelve line-
arly independent observables can be measured with a polariz~d target

: there must be five constraints on these observables., They are due
to the rank condition on (3. For an initial pure polarization state
U}:t), fais also a pure state (rank ﬂ,:rank(2=1).Then,as we showed
in the appendix, the rank of the observed Pis 2 and its representa-
tive point M, is on the sphere S, = DZ) . Eqﬂivalently, the ellipsoid
E2 is on the surfacebf(E) of the conef( ). This ellipsoid is there-
fore axially symmetrical around its N N diamoter.f’ﬂzjd3ew“mn¢?ﬂhxa
With unpolarized target one obqervessp'i e, four parameters

represented by meffE)+ . The diameter n n_ has to be in the three
dimensional plane conjugated to om:it is therefore completly deter-

mined by the two parameters fixing its direction in this Jj-plane.
It is equivalent to say that in the ball <ﬂ+ the orientation of the
segment NJWN+ is arbitrary but the points N_ and N+ are on the
sphere S2 boundary of £+.This is one constraint on N+ and the other
constraints between observables is (2.9b).In particular:

if OM L NN _ then & =¢_=a. (2.12)

We remark that when Piqig observed, that is when M+ and M_ are
known, the position of N+ add N does not depend on the polariza-
tion degree 7 8o this quantity is"independently" measured by squa-
tion (2.9a);see figure 2,

The projection of E2 on i)_ is the circle of center 0O and of
radius r given in (2.11).The saventh amplitude parameter to be
measured is obtained by the azimuth of either L+ or S+ in 02)_.

In the forward or backwar& direction there is at most one non-
vanishing amplitude(ref. 2¢).If it is different from zero,it makes
a unique prediction: the point Q2€32& (see fig.1); therefere, from
the general argument of | ,51iii, §,= 6. and there are no polariza-

tion effects from the target polarization (i.e. .NP and N are in Q.

and L+,L_.S+.5_ ara in 0),

A complete theory givas the amplitudes as functions of tha
invariants s and t. A modsl can depsnd on other arbitrary parameters
In any case, any model with some predictive power for this reaction
can be characterized by realations between the amplitudes and
therefore by more than five constralnts between the twelve obser-
vables at fixed s and t.To test the model one has to verify that
these new constraints are also respected.For instance In a large
class of models the helicity amplitude are relatively real (e.g.
one particle exchange, hera a (P, or one Regge trajesctory exchange);

this impliss that a Besymmetric polarization state has only aven
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multipoles so ¢=¢,; since for unpolarized target rankg,=rank ee=2,
the rank of the observed ¢ is also 2,s0 the point M is on 82= p) .‘0+
As we saw in 1.5iii the observed polarization bf the A is indepen-
dent from the target polarization, so in that case the four non

vanising real amplitudes of the model are determined by 6, ¢, s,

(1,2,1).If the model imposes more relations among the real ampli tu=-

des it will predict a subdomain of'32h= S for M.For instance

2
the Stodolsky Sakurai model,the naive quark model or the selection
rule AJ=1 all predict that,for all values of t, M is P, (see

fig. 1) and 5,= 6 = &

2.3 Reactions "tN—= TN A or KN— KrTd .,

If the invariant mass and angular momentum of the final mesons
are fixed the reaction is{quasi two body reaction: the full section
2.2 applies here if the meson resonnace has zero spin; otherwise
there is no rank condition imposed by angular momentum conservation,
althoughsuch condition might be implied by the mechanism of the
reaction (see next section for similar examples) .

In the general case these reactions with more than two final
particles ovﬁuasi particles are not B-symmetric, If precise
measurements of the momenta of the A and final mesons are made ,
since these mesons have spin zero, the rank condition is still
valid: with a polarized target the experimental points N+ N_ L+ L_
S+ S_ must be on the sphere Sh= h%) where they form three
perpendicular diameters of a sphere SZ.In less precise experiemnts
with large bins in the particle momenta these experiemntal points
will be the barycentersof the "precise experiment"points{with
the differential cross section as weight) so the: representative
points of these less precise experiments will be somewhat at the
interior of J.

2.4 Other parity conserving reactions,
These include all reactions of (2.3) and (2.4).Because of the

spin of the particles other than the target nucleon and the A
there is no rank condition on fa .When there is only one other
final particle besides the A,the reaction is B-symmetric.The number
of complex amplitudes,for instance in reactions (2.3a) or (2.3'a)
is 2x2x2x4/2 = 16 ;so,for these reactions, the reaction
mechanism may depend on 31 real observable functions of s and t.
As we saw in 2,{,with the observation of the even polarization

of the A with arbitrary beam or target polarization,
there are only twelve observables to be measured.This is far enough
for amplitude reconstruction but it gives a good insight on the

reaction mechenism and it can confirm or contradict model predic-
tions,
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For instance "factorization" of the amplitudes implies that
rank 04 =rank p_ 50 N, ,N_ are on S, ILD and 5 _S_,L,L_ are two
perpendicular diameters of the circle{Lb_. A single Regge trajec-—
tory model predicts factorization and reality of the amplitudes
and parity conservation at each vertex (see e.g. ref,3);this
implies that 0, is even and has rank two; so rankp =2 ie.

M_is on the sphere S, =3D JAS we saw in 1,5iii and 2,2, whenever
the point Md;epresenting the observed A polarization produced

with unpolarized beam and target,is on the boundary of:b the
observed Apolarization is independent from the beam or target
polarization ; hewever the initial polarization tﬁ; yields the
differential cross section56;, 5_ generally different from 6,

The prediction rankp=2 is still valid for multi-particle production
in a multi-Regge model with single trajectory exchangej.

Let us also recall that in the forward or backward limit, if the
cross section does not vanish, the polarization goes to the
kinematical limit studied in 1.6. However if the cross section
vanishes, in this limit the representative point m in the
intensity and polarization space goes to the cone vertex o’ (see

figure 2) and there is no condition on the polarization 1limit

since i1t depends on the orientation of the tangent to the trajec=

tory of @ at 3.

vy N — v A

2.5 Neutrino Qroductionzxuvurﬂrd;

In this case the best information is obtained from the two-
body reactions;we leave to the reader the extension of the discus=
sion to the multiparticle production., Even the two body reactions
are not B-symmetric since they do not preserve parity. Furthermore
the neutrino/antineutrino besam is left/right circularly polarized.
However time reversal invariance for weak interaction implies
that the repressntative point M;of the observed polarization
producad with unpolarized target is still in ZD* LOf course the
fiva components of the 4 quadimpols polarization should be
measured and the veartfication that thoss in @_ vantsh (s a
check of time reversal invariance, The kinematical predictions
of 1.6 for the forwvard snd backward limit are not disturbad by
the nentrinns polarivzation and since they ara only based on angular
momen tium consarvation they are atill valld for thess varity viola-
ting transitions,

tha V-1 currant-cncrent strmctuars of ths interaction, well
soritiad for charcged eurrants, spadicts that the degrees of the
m=polarieation Ls v ey when the  mmon snrgy 1s vecy Large comparad
b its mas s, fthe muon ta complasly oolavized with same helictty

b Bhiab ot dba e trroos sabtipaath ciog Dean Frosn Ehie pornt ot viaew
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of the rank condition, in this high energy approximation, the
situation is completly similar to that of 2.2: two body meso-produc-
tion.Even the simplest measurement of the A-polarization in neutrino
production can tell us important information on the nucleon form
factors and principaly on the nature of the neutral currents,

There seems to be no experimental data yet available. In figure 3
we compare theoretical predictions with experimental data for

the neutrino production of A via charged currents.

Conclusion,

It seems that many physicists are unfamiliar with the polari-
zation of particles of spin larger than 1/2, except photons, Nature
gives us the spin 3/2 A1232 in relative abundance and the partial
observation of its polarization is So much easier than that of the

nucleonsWe hope that this Paper has shown that this Apolarization
anlysis is not more difficult and yields as much information on

physical models,

APPENDIX

The observed polarization domain is the interior of a sphere Sh of

-1/2

radius 3

One easily proveszthat for a particle of spin j, the multipoles
C, defined in (3') satisfy:

TRENCI Rl P R A(1)
whereﬁ'is the Wigner matrix defined by .
= P . -4 - . - ,J.J‘» T -2'__ R z4 ,
DRI =T DRI D= =™, [ =cn 1. A(2)

Therefore, the projection PE of > on the even multipole space

£9. £ A ()

. X C4 b Cyem. o 4
is given by

Fg =z(¢ +TEL"). A(k)
Incidently >0 implies';PCfQO since both matrices are Hermitean and
have same eigenvalues, so ¢:>0.Moreover from A(4) we deduce that:

rank 0. € Irank p . A(5)
Equation (1.5} applied toiégives us its polarization degreejlet us
compute it whenfzdescribes a pure polarization state (x> i.,e,
P=1x><xi{ with <x)x> =1 and FY={i><:iL Then from A(4)

Y (T AU I SR T PELE g p e A (6)

When¥, is antisyumetric«gilg x> vanishes identically,so when 2j is
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odd tr (’Qif 1/2 and

. 2j=1 1 . 3
for 2j odd j dE =d—%3— (=E§ for j = 5 ). A(7)

To sumarize:when 2j is odd the pure polarization states are
projected on the sphere of radius ((gj-j)/43)1/2 centered at the
origin in the intensity and even polafizétion space 5(E) of
dimensiox{k:(zj-d)(jn). 0f course k=0 for j=1/2. The pure states
of polarization form a manifold of dimension 4j in the polarization
space(fﬂgﬁlts projection on Sk_1céKE) cannot cover completely this
sphere if 4j-(k-1) <0 i.e. j>3/2. We now prove that for j=3/2 it
does cover the sphere Sh'

The group SU(23+1) acts on the 2j+1 dimensional Hiibert space
ﬂ% by its fundamental representation and it acts on the polarization
space é‘ of dimension (23+1)2-1 by its adjoint representation,
Following Racah © we consider the chain of subgroups:

for 2j odd, su(2j+1)> sp(2j+1)D>su(2), A(8)
where Sp (2j+1) is the compact symplectic group in 2j+1 dimensions
and SU(2) is the universal covering of S0(3). The adjoint represen-
tation of 8U(2j+1);when restricted to the subgroup Sp(2j+%),
decomposes into two irreducible representations: one of them is

(L) ,
carried by the space ®0<L aven 5238 of non-trivial even multi-

poles; its dimension is (2j=-1)(j+1). For j=3/2 this space is 6\2)
and its dimension is 5. From the isomorphism of the Lie algebras
Sp(4) ~s0(5) and the unicity of their five dimensional irreducible
representation the orbits of these groups on 6(2) are the sphere
S, centered at the origin. Since the action p—»upu* ,uesu(4),
preserves the eigen values of p, the domain # is invariant by
sSU(4) and its projection D on 8(2) is invariant by the subgroup
Sp(4);so it is bounded by a sphere Sh centered at the origin

and more precisely by that of radius 3_1/2 as shown by (A7).
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Figures Captions

Fig.l- Projections 9+ and 8 of the observed polarization domain # on its
B-symmetric and B-antisymmetric spaces 8§2)+ and 652)_ (Cf. § 1.4). The re-
markable points P,Q,R,T,U,V can be defined in an intrinsic way (Cf. § 1.6 and

Table 2).

Fig.2- Points m mmnmn_ in the intensity and polarization domain C(E) s

and their conic projection M M+M_N+N_ in the polarization domain 8 (cf.
§ 1.5, 2.1 and 2.2). The points in the segment n.n_ satisfy the equalities
mm =mm = n(m n+) = n{m n_) . The points n.n_ and the whole ellipsoid E,
are drawn in the surface of the cone, as required in the case of meso-production

(Cf. § 2.2).

Fig.3- Plot in 8+ of some model predictions for the reaction yp —> u—A++
(W) Ph. Salin, Nuovo Cimento 48A (1967) 506 ; (A) S.L. Adler, Ann. Phys. 50
(1968) 189 ; (4) J. Bijtebier, Nucl. Phys. B21 (1970) 158 ; (B) P. Zucker, Phys.
Rev. 40 (1971) 3350. The experimental result is taken from P.A. Schreiner and

Frank von Hippel, Phys. Rev. Letters 30 (1973) 307.
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Fig.3- Plot in @+ of some model predictions for the reaction vp —> U~A++
(¥) Ph. Salin, Nuovo Cimento 48A (1967) 506 ; (A) S.L. Adler, Ann. Phys. 50
(1968) 189 ; (@) J. Bijtebicr, Nucl. Phys. B21 (1970) 158 ; (B) P. Zucker, Phys.
Rev. 40 (1971) 3350. The experimental result is taken from P.A. Schreiner and

Frank von Hippel, Phys. Rev. Letters 30 (1973) 307.



