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PROGRLM

Cycle 1) Functional analysis

Girding and J.L.Lions (14 hours). -

L.

Abstract spaces and the function spaces of physics, Distributions., Lorcntz

invariant distributions. Hilbert space and spectral theory. The mothod of
orthogonal projections for elliptic operators. The clagsical Hamiltonians.
Fourier tremsform, Laplace transform, Nuclecar theorem of Schwartz,

Cycle 2) Group theory and other formalsms

Ilichel (5 hours)., -

Généralités sur lcs groupcs abstraits. Sous~-groupes distingués, quotiont,
honomorphismes do grompes produit de groupo. Génédralités sur représentations
lindaires (=~ ou semi-lindaires - ou projectives), irréducibilité, réducibilité
Lemme de Schur. Groupes finis.~- Algdbre dm groupc. Algébre des classcs,
Détermination de toutcs les représentations irréductibles. Produit tensoricl
de reprégentations équivalentes et groupo symétrique. Critére pour la réalité
d'une représentation., Groupe de Lie., - Groupes topologiques, groupes dec Liec
finis, groupe linéairc ot ses sous-groupes. Ilesure de Haar, intégration sur
les groupes. Les groupes compacts et lours représentations., Transformations
infinitésimales. Algdbre de Lic, algdbre enveloppante, dérivation, représen-—
tation des algébres de Lie, opératour de Casimir, invariants,

llichel and A. S, Wightman (5 hours)., -

™

o

Definition of homogeneous and inhomogencous Lorentz groups (real and complo:
groups). Topology of group menifold; realization of eovering group of homo-
geneous group by 2x2 unimodular matrices. Infinitesimal operatorsy their
commutetion reclations; structurc constants of the Lie algebra. Relativistic
invariant rcpresentations up to a factor of relativity group. Physical cqui=-
valence and the unitary equivalcnce of representations; irreducible represen-
tations and elementary systems. Representations up to a factor and rcpresonta-
tions of the covering group. Which transformations unitary and which anti-
unitary? Physical mcaning of the infinitesimal operator (preliminary discug-
sion), Invariants of the reprcsentations: homogencous and inhomogenocous
group. Reduction of recpresontations of the inhomogeneous group; the translatic
sub-group; the littlc groups. Irreducible representations of the dttle groups
of time like and spacc like momenta. Adjunction of inversions. The reproscon-
tations of the 1ittle groups of space like and null momenta. The finite dimon-
sional roprescntations of the homogencous Lorentz group .

R. Coianiello (4 hours-partially related also to cycle 4)).-

Algebra of products of ficld operators, Perturbative cxpansions. Regulari-
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zation and renormaliza
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Group Theory.

[;,, MITcHEL
Oniversidy of Lille

. - Generalities on abstracts zroups.

ffroup. - \ set F has ihe algebraie <tructure of a croup if there exists a
mpping of (f G onto F which is associative

There cxists one and only one identity clement:
— Hach clement fas oan inverse,

Fwo Kiids of motations are uased for CTOWPs:

) Mulltiphicarive:

Fhe product of two elements ooy = G is denoted by «-y; one has Z=xz-y,

A Associntivity, eV 4 ().

L
3 menans dhere cxistsoa) For ol el GG >l - s ool o,
Mo oadl e ol e e gty e et e 1L
) ey

The composition of two elements v,y 2 (4 is denoted by +4; the identity
fernent 18 denoted by o,

.

One s

| (SRS TR S A R A |

'
I

o gl Fhie et of real number exclinding 0 forms v eroup for the mal-
piteaticn,

Chie et ol vead oabers Porms an sroup for the sddition,

,7’"";'.

Wohen the aperation of the sroup is commutative, fhe

G e by Gy Conmatative: the addictive aotation is often nsed
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called a0 homomerphis.
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d @, which is called ﬂm W of ﬂlﬁ

to m group of m automorphlsm‘

Group ' of commutators of 6. — Al Z = ayarrys
of .

Generully they do not form a group,
aroup of commutators,

are called commutators

f

but the group they generate is called c,

#



+ROUP THEORY

"Mp in tim‘&mmh

Imer, the A(g) may form only a mwm
faetor », ‘i.e.

400 A@) — ol a;m.s.};

where w(g,, ¢,) is & continuons complex valued function.
Today we shall just study general properties of linear operators and linear

representations.
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represe A representation which is not irre
Le. there is ai least one invariang subspace M ¢
in E is not irredumble, one can find an

| Oamhtﬁufor give
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m. L. mcau.
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hence TT* commuting \nth all B, is a multiplg of the mi m ?
that' T*TA; = A, T*T, i.e. T*T i3 a multiple of tlm unit,
We shall need a@ powerful theorem on bounded OPOP&ﬁon; l “ “ ey E

Tlmoxnm oF le A hnear functxonal in H H - 0,
of H into a,

I L pel
/ (”) ""ﬂ‘l’) " Ay R ﬁ

. c) A anfmumd io bonndod itsnd onryifsam M“ﬁ :
M~MOL Baaxhbitium |

l} A sesqui-linear form Q!.y), (lﬁlm in y antinnear in |
T o Z2Ap) = ZRAMe40) & bounded it f(z,y) < Ofe]-yf. u

od operator 4 such that Ifﬁs V=@ 4’”

M Let us fix rm let lln the set of all a«m{m maor W"@S«"d‘i}‘f-
;M =0 > f(a, y) = 0=f(z, 0). Otherwise Ine M - M,ﬁ}#}_ﬁn

We shail prove that ](a:, %) is of the torm (m, ") when ‘# -
Hwel e _ :

ﬂﬁ"’u ye} = Iﬁff%@’ y.,) ER,QR: Whexo e ;,.‘ % i

s mw sm @__

|

' Therefore if ze M or xzzﬂwr-»ffw, a.)== (@, m& s "
- For @ arbitrary: 2=z — fu, + fa,, EEGEAET 1
T Bne M i flaBag, ph= (e v~ Fi, o = sy

but fzay) # 0, thereﬂem it is a}ways poss:bte t;o ehoose f so that :l--ﬂ&e m ‘
and for any x one has f(z, y) = (i a0y i

Therefore, for all y,, 3 ¥ = aw, such that @y 95) = (2 ¥').
The correspondence y,, y is linear since f is linear: y'= Ay,.

Thus f(z, y) = (2, Ay).
It fle, y) < Cla I-lul it follows that (a, Ay) < Clx)-|y|, ie. 4 is bounded.
In particular, if 4 is fixed, f(z, y) is a linear form in # which can be written |

(Ay, ) which proves part a of the theorem.






If this group is divided by the &dditivamWW of
tsomorphic to the group of rotations ¢ around an s ST TN T

> - :

2) Rotation group in 3 dimensions. Angl. of rotation mm”
of the axis of rotation is given by 0, ¢, du(w, 6, ®)= ;‘1.: Wﬁ;m’ .

«

are just eorruponding for finite aml infinite gi

This is afsaeqw'& i R
i

Application of Riess theorem. - Foy

a loeally compact group, I = |f(g) du(g)
is a well defined expression if

/) is a good emough function (bounded, and
vanishing outside a compact set). But what will be needed in the represen-
tation theory, is integration on operator-valued functions of the group.

Let us call ge®. How to give meaning to such an expression as

j dulg) i(g)Alg),

L4
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By Schur’s lemma, * | %

. ;Ylg“l e a(,gfi )I 3 i.e, X et a(‘m . ‘

vhere (A4} is o sealar depending on




