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ey I [}! = [)3, N e i-

(3) Y, /«lp(})f)(q)‘lﬂ"'(q) =l

%

[f one takes suech that tp |

s well defined and
sihle ¢.g. when | 1

O (and this is pors-
s linite rank), one obtains:

oy, - ] du(g) tr A = 2(A)d, |

where d, is the dimension of .

Now 1f L) would he 0, we would have had X,

=0 hence tr X, =tr 1 =09,
which s contrwdic ‘tory.  Hence x. £)

= and /l is the finite nimber 'y,

THEOREM 2. - Any irredneible representation of a compact group has finite
dimension.

Application to \belian groups:  Take

.‘l ,)(’,()) ' Ho& 7 3 -» X = D(gﬂ) = xf :

since the representation i irredueible, it must then have dimension 1.
Orthogonalization relutions

8. = Since the D(g) have fipite dimension, thev cun
be represented by tmatrices.

.'
Let us choose
; (00
Sll=i=g,
Then .
’ [
0t 019 DGy — s, 5 LIS
v / ’ d
0 if [)’=I)’ xA) - tr A A,
for r - »

or, since Dig-1) - D=y D%y - 12 .(g):

ot ) ) 1 ) ‘
) [ Aulg) D gy 0 gy~ L 40,0, .
/ "ty

Thits:

Frvores 350 - e fnctions D2yg) form an orthoconal <ot of functions

i LAy (the <ot of srare integrable fanctions on ‘. :
One can prove 14 0701 form g conplete hasis of this Hilbert space

Peter-Weyl theorem).



Wom, from (5) with 4 =[c,] one gets:

Y, = /‘dﬂ(l)pnfy}pw(ﬂ) = L dulgy D () D, (g)

W
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We shall pww tﬁt the representation (& D), form % comprotn set,
fhe same holds for the irreducible representatmns.

Suppose there .oxists ®lg) orthogonal to all (f;) m, ,
7410 in some neighbourhood of g,.

&0

and different from



We have therefore proved that for the Hilbert space of square integrable

funetions defined on the iutery
normal complete set

. | i
al (0, 27), the functions exp [ing] form an ortho-




gwup element. Lefr 77 bo the mlmbél'vof &lwh'vlm"




is called the translation » 7% |
led o homogeneous transformation: r J,.

a = }n“}
N T T



The lomogeueom group. L. Its four pim Sisoa e lmqg invariant
(% — y)?, it leaves mv.xriant; x (put y = 0), g‘ (put x = 0), and thmforo Xy

X'y = J:*Ay i.e. 'ﬂgeef‘ == &q’margﬂ* ? -
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Thus:
Pl P [ orthochronous group
“ - L) . § - -
0 t ' ‘ (invariant subgroup),
oy
TR Ny I - antichronous transformations
‘ ' ¢ ‘ (not a subgroup).

O]

justification of the terminology is the following:

Tne
component of o true like vector is not

t:; 1 w=the sign of the ftiune

changed :
e S S N "
*
)2 < (A7) (") '

i

(3.0 (3.10) (V P (AR —1]S

H

(* for a time like vector: E(.L‘,)e"f (9)2,)
Thus A" iz 1%, which proves the announced result (for space like
vectors x* 0, tlw proof does not go through). Similarly if A) << — 1 the

time component of a rime-like vector reverses sign under A
L four disconnected-sets of transformations:

Thus we have found in

A A ;o . E ) . ) ) . ; .
Lt L=, D4, L— Correspondingly 2 has four disconnected pleces. ‘
[
/)¢ (ompuvifi(m, of Lorentz transformations into plane reflections .
Def. — The reflection L throngh a plane orthogonal to n is defined by ;
!
, RS 4
= 3 —m.
o 2
Note that £ =Y _ and S n=—n
W - N LA R ', Y i3 explici
Flueercise 1. - Show that AL 1t - Y 0 with n'-= /1 (X is explicitely

kn()wn ;[‘l o (;\r(;)_
Yy
LM L

FErercise 2. - It m, are linearly independent and .1 = iy By

Ap ~pesa;- p =9 for all m; (<= evident);
1 is of the form

with e, = —2(n;) .

andd



Hence, elements of 7,1 - produet of even (2, 4) Wdl’. viﬂx even (0, V2,
‘number of time-like o




P on et i spuce ke WED el = -

U p+p’ space like S, , is solution p-+p’ time like 5,2 is solution
(8% < 0; P ]*p:ﬂ)‘ “




and call

note X' X

»

T’(ﬁ ) - z"n' x’gzn' ? examp!e T(al)Ta(az) ¥

= X,

k]

o, (306 pages 12-13).
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Br 3

X'::: — ; - ‘
K= A{nx + xnn-2n .. nxn" .,




tinwous mapping %y of moinﬁ' _ c-armlian in 1 dxmemion* we can mﬁe
ralize to §,) into the grop mandold and sueh that this mapping contains -
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We write iy” for the matrices, hecause it mposaibh te ehm % :

-

Indeed the 1y" generate an algebra of 16 linearly independent mat
=yt

T

FU= L = Y, e,

U )

a given x according to

Ia@‘lwz.ﬂr‘ ~
'

36) .
; x: “.‘7&" rd Bt {p? kk
' PR PR |




By Sehur'y

Lemma 3 3 sealar 2 such that

F=27






exponential of a matﬂx

€ operators

t

i?lat sinee

ne Mﬂﬁy ‘when th
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lransintion Jroup. = For an infinitesiyal
viiere o ape the parameters sond
perator,

-y ot , — e o il
franslation A, 1) ~1 , ,Dﬂa/,
are the four

correspondir g infinitesimal
For o tinite transiation we obtain

b))

Cl 1y exp [ ae explir a1y,

here we ave introduced

hysiclsts intioduce P, heeanse when 7 iy nnitary, P4 gre hermitian and
e observiahles, rorrespond to energy and
. » - . A
wroperties » of Proandg /,

[ndeed rthey

momentum. The
fransformation |

can be obtained by the use of ()

.
s

L) OO, H)Ua, 1)yr(0, Dt = U(Aay 1)

il (16); one obtains

‘) U0, £YP*17 (0, Ayt o= AP

Furthermore the D" commute hence
{) [PE, PP —

HHomogeneous Lroup
RN

Phe treatment is very similar to that of the orthogonal rotation group,
I O L

Ditfferentintion with respect to

boparameter vields (
ter equal to zero)

by putting the para-

.’_‘I"" i 1 e 1A1V'i¥$‘) e R

D' =D =y

For the homogeneous Lorenty Jroup we have form ()

WG -G =
putting

o = a4qnr .
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m £ mvuhe us with & convenient rc*pmenmtma ut ﬂu H
simgl o perator of the mtatwn m the 2-plane p — vf o

- ﬁ,;,u_e’ -,
o B;WD ‘A ‘**C’ )( ) 0 )

Car lw“{"'ev.utw meec“‘ﬂ’ o

Ll €000 + c,.éw | "ivééﬁé“f" o}"éé”,_‘,
Introdueing e
{55) ) ' [ w v ? ‘gnyy;) ; o %r%ﬂ .'w @,;e % ¢ """' ’mﬂ@

“iﬁm slw hnmuve mxm Lcmmt/ v mm is semi- .stmph we may mmm
operato s in o sha,wht forward wiry (see Prof, RA(‘AH leoture) '

No far we have only in (55) the Lie algebra of L ~ That m,g glven an?
two. elementy, wgkm their commautator, m t heir Mﬁ.

&mwlopmq M‘va of a Lie wﬁmbm Example L and .
This consists of d,m possible formul polynomials formed fmn the M 4

of thé Lie algebrs.

H

Centre of the fﬂl(’f{)p%d@ algebra. — The centre € of the enveloping algebra F
Ot sot of ol clements v - g which commute with every other element:

("= e BV fcB-jo = of} .



Centre of the eneeloping algebra of the inhomogeneous group., - It is conve-
nient to deline the 3 dinwnxmmn} « psendovector » /
(56) J o ) (M, gy sy
and the 3-vector
(H6") N (N N2 N3y (Mo, Mos, Mosy
We have from (53)

(67) [J5, J7] = dgwage
which physicists write symbolically

(57) INT = iJ.
We also obtain
(53) NAN=—iJ,
(587) N = e Ny =[N, J].
As is well known
FEVIEN

but

LN S0, N, N0

For the homovetieons gronp the invigdants (.e. elements of the center) are

{

(59) TAREE R 7 (7 BT S VA .f.-g‘:""“’*VI}'/LM”Q = et M,

They do not, however, commute with the s and so do not belong to the
Centre for the inhomosencons STOUp.
“or the inhomosencons vronp we have to include the elements P, of the

transbation sroap. We nd
o) L] iy, P — g P

o that using {08, 0 0, LT OB we dind that: PR P"P/‘ com-

Nuites withe
odso commntes vith e 7 s that ot s onte clement of fhe centre, The

fhoiald

other vacinnt was foand DV ol et

o 1;‘;.4?1:1"3.{) 174

?
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then
and

We compute

i{‘ ‘4'1 . “u,cv' - e(qh‘vv - !Ilr "f'p) *
VW) e, prw

¢ b
(note that 4 _

T e SiNCe det g - Ly go12a ),
We see that

Wr=w, e

is also an element of the centre of the envelopping algebra,

Summary. - Invariants:

for 2 Pz, ws
for . g — Nz



