PERIODS AND L-VALUES OF AUTOMORPHIC MOTIVES

JIE LIN

ABSTRACT. A conjecture of Deligne predicts a relation between motivic L-functions and
geometric periods. In this synopsis, we will explain an approach towards this conjecture for
automorphic motives. This is a joint work with Harald Grobner and Michael Harris.
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INTRODUCTION

The goal of this synopsis is to introduce a conjecture of Deligne on special values of L-
functions and its automorphic variant. We first look at the most basic example of the Deligne
conjecture.

Recall that the Riemann zeta function is defined as

= 1 1 1

for s € C with Re(s) > 1.

Theorem 0.1. If m is a positive even integer, then ((m) € (2mi)™Q.

2 4

For example, the values ((2) = G and ((4) = g—o
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2 JIE LIN
Proof. We briefly explain the proof given by Riemann in | | here.

» dt
The Gamma function I'(s), defined by the integral tse_t7, is a meromorphic function
0
on the whole complex plane. It has no zeros everywhere, and has simple poles with rational

residues at non-positive integers.

» 1 dt
The product I'(s)((s) has integral intepretation J " — T The integral defines a
o ¢~
meromorphic function on the whole complex plane. At a non-positive integer, it is either

holomorphic, or has a simple pole with rational residue.

In particular, ((s) is a ratio of two meromorphic functions, and hence has analytic con-
tinuation to the whole complex plane. Moreover, it is holomorphic and takes rational values
at negative integers.

s

s
Let ((s) := 7T_§F(§). The Riemann zeta function satisfies the functional equation:

Co(8)C(8) = Coo(1 = 8)C(1 = ).
Since m is a positive even integer, both (,,(m) and (,(1—m) are holomorphic at s = m. In

. . oy . Coo(l - m) .
this case, we say m is critical. One deduce easily that ((m) = ﬁ((l —m) € (2mi)"Q
w m

since ((1 —m) is a rational number.

O

Remark 0.2. For a positive odd integer m = 3, (,,(1 — s) has a pole at s = m. This implies

Resg—pm(n(l —
that ((1 —m) = 0 and ((m) = Sommbiol S>5’(1 —m). In this case, it is much more

Coo(m)
difficult to calculate ((m).

In | |, Deligne generalized largely the above theorem as a conjecture. More precisely,
he constructed two periods and predicted a precise relation between critical values and his
periods.

In this synopsis, we first introduce Deligne’s conjecture in Section 1. We define some other
motivic periods and interpret Deligne’s periods in terms of these newly defined periods in
Section 2. The latter have natural automorphic analogues which are introduced in Section 3.
We reformulate the Deligne conjecture for tensor products of automorphic motives and gives
a variant of the Deligne conjecture in Section 4. We finally summarise the known results
and discuss some possible generalizations in Section 5.

At the end of the introduction, we want to warn the readers that since there is not enough
space in the synopsis, some definitions and statements are not very precise. We refer to the
references for more details.



1. A CONJECTURE OF DELIGNE

Let M be a motive over Q with coefficients in a number field £ and pure of weight w (c.f.
[ |). For simplicity, we fix an embedding £ < C. The motive M has several realizations
as follows:

1.0.1. The Betti realization: Mp is a finite dimensional vector space over £ endowed with:

e an F-linear action of the infinite Frobenius F;

e a Hodge decomposition Mg ®z C = @ MP? where each MP? is a vector space
p+q=w
over C. The action of F,, on Mp extends naturally to an action on Mg ®g C which

exchanges MP% and M%P.

1.0.2. The de Rham realization: Mppg is also a finite dimensional vector space over E en-
dowed with an E-rational Hodge filtration: Mpr > --- > F'M > F*'VIM > - -

1.0.3. The comparison isomorphism: I, : Mg @ C = Mpr ®g C is compatible with the
Hodge structures on the two sides. More preciesly, for all integer py, we have:

[00(@ MPYTP) = FPoM ® C.
P=Ppo
1.0.4. The A-adic realizations: M) is a finite dimensional vector space over F, endowed with

an action of Gal(Q/Q) for each finite place A of E. The family {M,}, forms a compatible
system of Galois representations.

More precisely, for each finite place p of Q, let I, be the inertia subgroup of a decom-
position group at p. Let F), be the geometric Frobenius of this decomposition group. For

a compatible system we mean that for any A { p, the polynomial det(1 — F,X | Mi”) has
coefficients in E < FE), and is independent of the choice of .

We can hence define the local L-factor L, (s, M) := det(1 —p~*F,|(My))~! as an element
in C(p~*) by taking whatever A { p (recall that we have fixed an embedding of E in C). We
define the L-function for the motive M as the Euler product:

L(s, M) = | [ L,(s, M).
p
It converges absolutely for Re(s) >> 0.

As for the Riemann zeta function, one can define an archimedean factor Lo (s, M) explic-
itly, determined by the Hodge type of the motive M, and the e-factor e(s, M) as in | |.
It is expected that:

Conjecture 1.1. The motivic L-function L(s, M) has an analytic continuation to the whole
complex plane, and satisfies a functional equation:

Lo(s, M)L(s, M) = (s, M)L(1 — s, M)L(1 — s, M)
where M is the dual motive of M.
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Definition 1.2. We say an integer m is critical for the motive M if both L. (s, M) and
L (1 —s, M) are holomorphic at s = m.

Deligne formulated his conjecture under the assumption that Fl, acts as a scalar on
Mw/2w/2 - We assume a stronger assumption M®/2®/2 — (. In particular, we see that
dimg Mg = dimg Mppg is even.

Remark 1.3. When the motive M is restricted from a quadratic imaginary field, the con-
dition M®/>%/2 = ( is equivalent to that M has critical points. This is the case that we are
going to consider in the next sections.

We define ME = Mz"™ < My, F*M := F*/?M < Mpg. They are all vector spaces over
E of dimension dimg Mp/2.

The comparison isomorphism then induces C-linear maps:

It is easy to see that these maps are injective. Comparing the dimensions on the two sides,
one deduces easily that I and I are both isomorphisms.

We take any FE-bases of M ;—r and Mpr/F*M. They can be considered as C-bases of
M;_r ®E C and (MDR/FiM) ®E C.

Definition 1.5. The Deligne periods ¢*(M) are defined as the determinants of I with
respect to these bases. They are non-zero complex numbers and are well-defined up to
multiplication by elements in E*.

Conjecture 1.6 (Deligne 79). Let d* := dimpM%. If m € Z is critical for M, then
L(m, M) € (2ni)* ™ (M)E

m

where € is the sign of (—1)

Remark 1.7. A positive integer is critical for the Riemann zeta function if and only if it is
even. In this case, Theorem 0.1 affirms the Deligne conjecture for the Riemann zeta function.

2. MOTIVIC PERIODS

In general, we know very few about the L-function of a motive unless it is the same as the
L-function of an automorphic representation after proper normalizations. In this case, we
say the motive is attached to the automorphic representation. Roughly speaking, the Lang-
lands correspondence asserts that any motive is attached to an automorphic representation
and vice versa.

In the automorphic setting, we shall consider the Rankin-Selberg L-function for a pair of
automorphic representations over a quadratic imaginary field K. This corresponds to the
tensor product of two motives over K in the motivic setting.
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We fix an embedding of K in C. Let M (resp. M’) be a regular pure motive over K with
coefficients in £ and of rank n (resp. n’) with Hodge types p; > ps > --- > p, at the fixed
embedding.

Let M := ResgpM ® M’ be a motive over Q. One can show that ¢*(M)/c™ (M) is an
algebraic number. We refer to | | and | | for more details..

In the following, we write z ~ y if [z : y] € P*(Q). For simplicity, we only consider the

Deligne conjecture up to multiplication by elements in @X. We can henceforth forget ¢ (M).
The Deligne conjecture predicts that if m is critical then

(2.1) L(m, ResgigM @ M') ~ (211) ™" (Res g jgpM @ M'))

In order to separate M and M’ in the term c*(ResgpM ® M')), we define motivic
periods @Q;(M), 1 <i<n, Q;(M'),1<j<n asin| |. When the motive M is
polarised, then Q;(M) ~< w;, Frw; > where w; is a non-zero element in (F?* M+ FPi- M®pg
C) n 1o MPi*~Pi and <, > is the inner product given by the polarisation.

We also define Qy(M) (resp. Qo(M’)) to be the determinant of the comparison isomor-
phism of M (resp. M’) at the fixed embedding of K.

In the automorphic setting, the vector w; corresponds to a non-holomorphic automorphic
form in general. In order to calculate L-values, we need to construct some periods which are
related to holomorphic automorphic forms.

S

In fact, for each 0 < s < n, Q® (M) := [] Qi(M) can be related to holomorphic forms.
i=0

t
Similarly, we define Q(M’) := [] Q;(M) for each 0 <t < n/.
=0

Remark 2.2. Throughout the paper, the upper script *) always indicates that a represen-
tation is holomorphic or a period is related to a holomorphic form.

Proposition 2.3 (| |). There exists an explicit monomial Faq p, depending on the
Hodge types of M and M’, such that:

cH(Resg oM @ M') ~ Frpr(QW(M),0 < s <n, QV(M),0 <t <n).

3. AUTOMORPHIC PERIODS

We now consider motives coming from automorphic representations. ¢ We want to define
a motive attached to II. Recall that in the classical case, modular forms can be lifted to
cohomological classes on modular curves. In general, we hope to define a motive using co-
homologies of Shimura varieties. Since there is no Shimura variety attached to G'L,, when
n = 3, we look at unitary groups instead.
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Let U be any unitary group of rank n over (Q with respect to the quadratic extension
K/Q. Over K we have Ux = GL,, . Hence II can be viewed as a representation of U(A).

Let G be a reductive group over Q. The theory of base change with respect to K/Q
predicts a map from certain (packets of) automorphic representations of G(Ag) to certain
(packets of ) automorphic representations of G(Ag). This map can be described more easily
in the motivic setting. For example, if an automorphic representation of G(Ag) is attached
to a motive H*(X) where X is a projective smooth variety over @, then the automorphic
representation of G(Af) attached to H*(X ®g K'), whose existence is predicted by the Lang-
lands correspondence, is the image of the G(Ag)-representation by base change.

One can also define base change in terms of Langlands parameters without referring to
motives (c.f. | ). The theory of base change for unitary groups is well-understood
especially for cohomological representations (c.f. | |, [ |, [ |, [ | and

[ D

Recall that II is an automorphic representation of U(Ak). A necessary condition for II
to be in the image of base change is the conjugate self-duality. We henceforth assume that
IT is conjugate self-dual. When n is even, we assume moreover that II is a discrete series
representation at a finite place of QQ which is inert in K. Then there exists a unitary group
U(n —1,1) over Q of rank n with respect to the extension K/Q of signature (n — 1,1) at
infinity such that II is the base change of 7), a holomorphic cohomological automorphic
representation of U(n — 1,1)(Ag). We also say that IT descends to 7(!) by base change.

The representation 7" contributes in the interior coherent cohomologies of a Shimura
variety attached to U(n — 1, 1), and hence defines (the realizations of) a motive M (II) over
K attached to the representation II (c.f. | |, [ | and | ).

The representation Il descends to not only one representation on the unitary group. At
the infinite place, II, descends to n inequivalent discrete series representations which can
be distinguished by the parabolic sub-Lie algebra cohomological degree (c.f. | ). In
particular, IT descends to at least n automorphic representations of U(n—1,1)(Ag), denoted
by m; for 1 < i < n where ¢ — 1 refers to the cohomological degree. One can take 7 to be
7 the holomorphic representation.

All the representations 7;, 1 < ¢ < n, contribute into the coherent cohomologies of the
Shimura variety and inherit rational structures from the de Rham cohomologies, called the
de Rham rational structures (c.f. | | and also | |). For each i, let 0 # w;(II) be a
de Rham rational automorphic form in 7;. We define an automorphic period @Q;(II) as the
Petersson norm of w;(II) which does not depend on the choice of w;(II) up to multiplication

by elements in Q. We have Q;(M(IT)) ~ Q;(IT) for all .
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We can define Qy(II) as a CM period attached to the central character of II (c.f. | D-
As in the motivic setting, we let Q) (IT) := [ Q,(II) be an automorphic period for 0 < s <
i=0

n. Hence Q¥ (M(I)) ~ Q¥ (II) for all s.

Let II" be a cuspidal cohomological conjugate self-dual representation of GL,/(Ag). Simi-
larly, we assume that it is a discrete series representation at a finite inert place if n’ is even.
One can define a motive M(IT') as well as periods Q®(II) for 0 < ¢ < n’ similarly.

4. THE DELIGNE CONJECTURE FOR AUTOMORPHIC MOTIVES

Combining Proposition 2.3 and the constructions in the previous section, the Deligne
conjecture for Resy /oM (II) ® M(II') can be reformulated as follows:

Conjecture 4.1 (Deligne conjecture). If m € Z is critical for the motive Resy oM (II) ®
M(IT'), then

L(m, RGSK/QM(H)®M<H/)) ~ (27Ti)mnn,FM(H)7M(H/)(Q(S)(H), 0<s< n, Q(t)(H,), 0<t< n’).

The motivic L-function L(m, Resk oM (II) ® M(II')) is equal to the Rankin-Selberg L-
n+n —2
2
values to holomorphic automorphic forms than non-holomorphic ones. The periods Q) (II),
1 < s < n, are (expected to be) related to holomorphic automorphic forms not on U(n—1, 1),

but on other unitary groups.

function L(m — I x IT) (ef. | ). It is easier to relate automorphic L-

For each 1 < s < n, there exists U(n — s, s), a unitary group over Q with respect to K/Q
of signature (n — s, s) at infinity, such that IT descends to 7(*), a holomorphic cohomological
automorphic representation of U(n — s,5)(Ag). Let w®(IT) be a de Rham rational holo-
morphic element in 7). We define P*)(II) as the Petersson norm of w(®)(IT) which is well

defined up to multiplication by elements in @X.

The cohomologies of a Shimura variety attached to U(n — s, s) also define a motive whose
A-adic realizations are isomorphic to those of A*M(II). This fact leads to the following
prediction on automorphic periods:

Conjecture 4.2 (Factorization conjecture). For each 0 < s < n, we have
PO ~ QW(I) = [ [Qi(10).
i=0

It is then natural to state the following variant of the Deligne conjecture:

Conjecture 4.3 (Automorphic Deligne conjecture). If m € Z is critical for the motive
ResggM(II) @ M(IT'), then

L(m, Res g igpM(IH@M(IT)) ~ (210)™™ Erngny ey (PP (ID),0 < s < n, PO(IT),0 < t < n').
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It is clear that the above conjecture (Conjecture 4.3) and the factorization conjecture
(Conjecture 4.2) together imply the Deligne conjecture for tensor products of automorphic
motives (Conjecture 4.1).

5. SOME KNOWN RESULTS

Theorem 5.1. Conjecture 4.3 is true if either (IL,I1") is in good position (c.f. | 1), or
, n+n
ifn=n" mod 2 and m = 5

This theorem is proved in | | based on previous results in | |, | | and
[ |. In the case where n’ = 1 or |n — n/| = 1, the L-values have good integral

interpretations and can be calculated as parings between cohomological classes. The other
cases are proved based on these two cases and some auxiliary constructions.

Theorem 5.2 (| ). We assume the following hypotheses:

(a) The Ichino-Ikeda-N. Harris conjecture (c.f. | |) is true.
(b) Certain archimedean zeta integral is algebraic.
(c) For any integer a, there exists a Hecke character x of infinity type 2°Z~%, such that
L(3,T® x) # 0.
Then Conjecture 4.2 is true when 11 is very regular. In particular, the Deligne conjecture
1s true in the setting of Theorem 5.1.

Remark 5.3. (1) The Ichino-Ikeda-N. Harris conjecture is known in many cases if 1T is
supercuspidal at one finite split place (c.f. | |, [ |, | | and | |). The
general case should be a corollary to a work in progress by Chaudouard and Zydor.

(2) The second hypothesis is natural because its failure would contradict a conjecture of
Tate for motives. It is also known to be true in the few cases where it can be checked.
Methods are known for computing these integrals but they are not simple.

(3) The last hypothesis on non-vanishing of central value is expected to be true but seems
very difficult to prove. In the last year, however, there has been significant progress in the
cases n = 3 and n = 4, by two very different methods | : |.

We will prove another case of Theorem 5.1 in the future subsequent part of | |.

Theorem 5.4 (ongoing work of Grobner-Harris-Lin). Conjecture 4.3 is true ifn % n’ mod 2

n+n —1 , ‘
and m = — under hypothesis (a) and hypothesis (c) above.

Remark 5.5. The critical points for Resg oM (II) @ M(II') form an interval of integers.
The ratios of two successive critical values of a Rankin-Selberg L-function for GL(n) x GL(n’)
have been studied by Harder and Raghuram in | | over totally real fields. If one
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can generalize their result to CM fields, then the general case of Conjecture 4.3 will follow
from Theorem 5.1 and Theorem.5.4.

Remark 5.6. At the end, we explain the unnecessary conditions which can be removed in
this synopsis.

(1) All the relations ~ can be made over some number fields (not only over Q).

(2) The quadratic field K can be replaced by any CM field as in | |, | ,
[ | and | |. The key step is that the periods factorize as products of local
periods over infinite places (c.f. | |). Hence one can reduce the general CM case to the
quadratic imaginary case easily.

(3) One does not need to fix an embedding of £ in C. By varying the embeddings, we
consider L-values and periods as families of complex numbers parametrized by Aut(C). In
fact, the Deligne conjecture was formulated in a Aut(C)-equivariant way, and all our results
were also proved Aut(C)-equivariantly.

(4) The cuspidal condition on II is also not necessary. Some results are already known
for endoscopic representations. Assuming Hypothesis (a), one should be able to remove the
cuspidal condition in most of the results above.

Acknowledgements. I would like to thank the organizers for the invitation. I also want
to thank the other speakers for their wonderful talks. Finally, I am grateful to Simons
Foundation and Meghan Fazzi for her help.

REFERENCES

[Art03] J. Arthur, An introduction to the trace formula, in Harmonic analysis, the trace formula and Shimura
varieties, volume 4 of Clay Mathematics Proceedings, R. Kottwitz J. Arthur, D. Ellwood, editor, pages
1-264. American Mathematical Society Clay Mathematics Institute, 2003. 6

[Bla86] D. Blasius, On the critical values of Hecke L-series, Ann. of Math., 124 (1986), 23-63. 8

[Cog00] , J. W. Cogdell, Notes on L-functions for GL(n), ICTP Lecture Notes 2000. 7

[Beu-Plel5] R. Beuzart-Plessis, Endoscopie et conjecture locale raffinée de Gan-Gross-Prasad pour les
groupes unitaires, Compos. Math. 151 (2015) 1309-1371. 8

[Blo-Li-Mil17] V. Blomer, X. Li, S. D. Miller, A spectral reciprocity formula and non-vanishing for L-
functions on GL(4) x GL(2), arXiv:1705.04344 [math.NT]. 8

[Clo90] L. Clozel, Motifs et Formes Automorphes: Applications du Principe de Fonctorialité, in: Automor-
phic forms, Shimura varieties, and L-functions, Vol. I, Perspect. Math., vol. 10, eds. L. Clozel and J.
S. Milne, (Ann Arbor, MI, 1988) Academic Press, Boston, MA, 1990, pp. 77-159. 6

[Del79] P. Deligne, Valeurs de fonctions L et périodes d’intégrales, With an appendiz by N. Koblitz and A.
Ogus in: Proc. Sympos. Pure Math., Vol. XXXIII, part II, AMS, Providence, R.I., (1979), pp. 313-346.
2,3

[Gro-Har15] H. Grobner, M. Harris, Whittaker periods, motivic periods, and special values of tensor product
L-functions, J. de UInstitut de Mathématiques de Jussieu 15 (2016) 711-769. 8

[Gro-Har-Lin18| H. Grobner, M. Harris, J. Lin, Deligne’s conjecture for automorphic motives over CM-fields,
Part I, preprint (2018). 6, 8

[Guel6] L. Guerberoff, Period relations for automorphic forms on unitary groups and critical values of L-
functions, Documenta Math. 21 (2016) 1397-1458. 9



10 JIE LIN

[Gue-Linl6] L. Guerberoff, J. Lin, Galois equivariance of critical values of L-functions for unitary groups,
preprint (2016). 9

[Har-Ragl7] G. Harder, A. Raghuram, Eisenstein cohomology for GL(n) and ratios of critical values of
Rankin—Selberg L-functions, with Appendix 1 by Uwe Weselmann and Appendix 2 by Chandrasheel
Bhagwat and A. Raghuram, preprint (2017). 8

[Har97] M. Harris, L-functions and periods of polarized regular motives, J. Reine Angew. Math. 483 (1997)
75-161 6, 8

[Har13a] M. Harris, Beilinson-Bernstein localization over Q and periods of automorphic forms, Int. Math.
Res. Notes 9 (2013) 2000-2053; Erratum (to appear). 6

[Har13b] M. Harris, L-functions and periods of adjoint motives, Algebra and Number Theory 17 (2013)
117-155. 5

[Har14] M. Harris, Testing rationality of coherent cohomology of Shimura varieties, Contemporary Math.,
614 (2014) 81-95. 6

[Har-Lab04] M. Harris, J.-P. Labesse, Conditional Base Change for Unitary Groups, Asian J. Math. 8 (2004)
653-684. 6

[Har-Lin16] M. Harris, J. Lin, Period relations and special values of Rankin-Selberg L-functions, to appear
in Contemporary Mathematics (volume in honor of Roger Howe’s 70th birthday) (2016). 5, 9

[NHar14] R. N. Harris, The refined Gross-Prasad conjecture for unitary groups, Int. Math. Res. Not. 2
(2014) 303-389. 8

[Hel7] Hongyu He, On the Gan-Gross-Prasad Conjecture for U(p, q), Invent. Math. 209 (2017) 837-884. 8

[Jia-Zhal7] D. Jiang, L. Zhang, On the Non-vanishing of the Central Value of Certain L-functions: Unitary
Groups, preprint (2017). 8

[KMSW14] T. Kaletha, A. Minguez, S. W. Shin, P.-J. White, Fndoscopic classification of representations:
inner forms of unitary groups, preprint (2014). 6

[Labl1] J.-P. Labesse, Changement de base CM et séries discrétes, in: On the Stabilization of the Trace
Formula, Vol. 1, eds. L. Clozel, M. Harris, J.-P. Labesse, B.-C. Ngo, International Press, Boston, MA,
2011, pp. 429-470. 6

[Linl5b] J. Lin, Special values of automorphic L-functions for GL,, x GL,, over CM fields, factorization and
functoriality of arithmetic automorphic periods, thése de docotorat, (2015). 6, 8, 9

[Linl7] An automorphic variant of a conjecture of Deligne, Contemporary Mathematics 691, 2017. 7

[Linl7] J. Lin, Factorization of arithmetic automorphic periods, preprint (2017). 9

[Mok14| C. P. Mok, Endoscopic classification of representations of quasi-split unitary groups, Memoirs of
the AMS 235 (2014). 6

[Rie59] B. Riemann, Uber die Anzahl der Primzahlen unter einer gegebenen Grife, Monatsberichte der
Preufiischen Akademie der Wissenschaften, November 1859. 2

[Shil4] S. W. Shin, On the cohomological base change for unitary similitude groups, appendix to: W.
Goldring, Galois representations associated to holomorphic limits of discrete series I: Unitary Groups,
Compos. Math. 150 (2014) 191-228. 6

[Xuel7] Xue Hang, On the global Gan-Gross-Prasad conjecture for unitary groups: approximating smooth
transfer of Jacquet-Rallis, J. Reine Angew. Math., to appear, DOI: https://doi.org/10.1515 /crelle-2017-
0016. 8

[Zhangl14] W. Zhang, Automorphic period and the central value of Ranking-Selberg L-function, J. Amer.
Math. Soc. 27 (2014), 541-612. 8



	Introduction
	1. A conjecture of Deligne
	2. Motivic periods
	3. Automorphic periods
	4. The Deligne conjecture for automorphic motives
	5. Some known results
	Acknowledgements

	References

